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PREFACE 
The majority of functions used in technical and apphed mathematics have orig-
inated as the result of investigating practical problems. The study of generalized 
Bessel functions (GBF) is not only useful for mathematics but for physics, engineer-
ing science, statistics and technology also. 
Originally introduced by Bessel in 1824, while discussing a problem in astronomy 
the Bessel function have received the most extensive treatment among all the special 
functions. Even G. N. Watson in his voluminous book "A treatise on the tiieory of 
Bessel function" has not been able to exhaust the treatment completely. 
The GBF have been a topic of recent study by the authors Dattoli et al (1990, 
1992) [12], [13], [14] their research activities were stimulated by the number of prob-
lems in which this type of function is an essential analytical tool. The GBF have many 
properties similar to those of conventional Bessel function (B.F.). They frequently 
arise in physical problems of quantum mechanics and optics and the scattering of 
laser radiation from free or weakly bounded electrons. 
Woldemar Voigt (1850-1919) [99] introduced the functions K{x,y) and L{x,y). 
Later Srivastava and Miller (1987) [87] established a link between and with the gener-
alized Voigt functions, the Voigt functions were subsequently modified by others e.g. 
Exton [22], Srivastava and Chen [79], Klusch [47], Siddiqui [72], Srivastava, Pathan 
and Kamarujjama [91], etc. 
Voigt functions K{x, y) and L{x, y) play an important role in several diverse fields 
of physics. In many given physical problems and analytical evaluation Voigt functions 
are required. For an excellent review of various mathematical properties and com-
putational method concerning the Voigt functions, see for example; Armstrong and 
Nicholas [5], Fettis [24] and Haubold and John [31] etc. Further more, the function. 
K{x,y) + iL(x,y) 
is except for a numerical factor, identical to the so called "Plasma dispersion function" 
which is tabulated by Fried and Conte [27] and Fettis et al. [25]. 
The dissertation has been divided into five chapters. Each chapter is divided in<:o 
a number of sections. Definitions and equations have been numbered chapter wise. 
The section number is followed by number of equation e.g. (4.3.2) refers to equation 
number 2 of section 3 of chapter 4. 
A brief review of some important special functions, some integral trausfonnations, 
the definition and notations that commonly arise in practices is given in chapter-1. 
In chapter-2, generalizations according to specific scheme of the ordinary BF to 
two indices and two variables are given. It is evident that the other generalizations 
of BF's are possible to these or more variables or two or three indices. The beau-
tiful and insufiiciently known area of analysis and its connection to gioup theory is 
used to obtain various properties, rpcurrence relations, generating functions, integral 
representations and symmetric properties of GBF's. 
In the chapter-3, a set of unified representations of Voigt functions in terms of 
familiar special functions of mathematical physics, which give us an opportunity to 
underline the special role of the associated generating functions and expansions have 
been compiled. 
In the chapter -4, a set of new results concerning the analysis of Voigt functions 
have been studied. A set of multiple series expansions of the generalized Voigt func-
tions are also established by means of generating functions of hyper Bessel function. 
In the last chapter multi indices and multivariable representation of the Voigt 
fanctions have been given. Some representations and series expansions including mul-
tidimensional classical polynomials (Laguerre and Hermite) of mathematical physics 
are given. 
Chapter-1 
PRELIMINARIES 
(INTRODUCTION, DEFINITIONS A N D NOTATIONS) 
1.0. INTRODUCTION 
A wide range of problems exist in classical and quantum physics, engineering and 
applied mathematics in which special functions arise. Special functions are solutions 
of a wide class of mathematically and physically relevant functional equations. 
Each special function can be defined in a variety of ways and different researchers 
may choose different definitions (Rodrigous formulas, generating functions, contour 
integral). At the present time, applied mathematics, physics, and various branch of 
science and technology involves generating function of special functions and tiieory of 
integral transforms. 
The aim of the present chapter is to introduce several class of special functions 
which occur rather more frequently in the study of generating functions and transfor-
mations. 
1.1. THE GAMMA FUNCTION AND RELATED FUNC-
TIONS 
The Gamma function has several equivalent definitions, most of which are due to 
Euler, 
r{z) = / f-^e-'dt, Re(2)>0 (1.1.1) 
Jo 
upon integrating by part, equation (1.1.1) yields the recurrence relation 
r (z + l) = zTiz). (1-1-2) 
The relation (1.1.2) yields the useful result 
r (n + l)) = n!, n = 0,1,2,---
which shows that gamma function is the generalization of factorial function 
The Beta function 
Beta function B{p,q) are defined by 
B{p,q) = I x^-\l - xf'^ dx, Re(p) > 0, Re(f/) > 0 (1.1.3) 
Jo 
Gamma function and Beta function are related by the following relation 
B{p,q) = ^ T ^ ' P > 9 / 0 , - l , - 2 , - - - (1.1.4) 
T{p+q) 
The Pochhammer symbol 
The Pochhammer symbol (A)„ is defined by 
/^^ _ / 1 , if n = 0 (^ ^ r\ 
^ ^ ^ " ~ \ A(A + l)---(A + n - l ) , if n = l , 2 , 3 , - - - ^'•'•''' 
In terms of Gamma function, we have 
(A)n =^^J^^ X^0,-l,-2,.-- (1.1.6) 
Further, 
(A)^+„ = (A)^(A + m)„ (1.1.7) 
( A ) _ „ = y f 4 v , n = l ,2 ,3 , - - - , A ^ 0 , ± l , ± 2 , (1.1.8] 
Wn-m ^ j ^ - ^ p ^ , 0<m<n. (1.19) 
For A = 1, equation (1.1.9) reduces to 
{n-m)\ = V ^ — . 0 < m < n. (1.1.10) 
(-n)m 
Another useful relation of Pochhamer symbol (A)„ is included in Gauss's multi-
plication theorem: 
Wmn = ( m ) ' " " n [ ^ " ^ ^ ^] , n = 0,1,2,--- (1.1.11) 
where m is positive integer. 
For m — 2 the equation (1.1.11) reduces to Legender's duplication fornuda 
(A)2n = 2^"(^^j (^^ + \^ , n = 0 , l , 2 , . . . (1.1.12) 
In particular, one has 
(2n)! = S '^f^] n ! a n d ( 2 n + l ) ! = 2^" ( | ) " ' (1.1.13) 
The Error Function 
The error function erf{z) is defined for any complex z by 
erf(z) = 4 = reM-i^)dt '1.1.14) 
and its complement by 
2 f^ 
erfc(z) = l - e r f ( z ) = -?= j exp{~t') dt (1.1.15; 
Note that 
erf(O) = 0 , erfc(O) = 1 1 
erf(oo) = 1 , erfc(oo) = 0 / • (11.16) 
1.2. GAUSSIAN HYPERGEOMETRIC FUNCTION AND GE^ 
ERALIZATION 
The second order hnear differential equation 
/, .d^w , , , ^ T dw 
z{l ~ z)-—r+ [c-{a + b + l)z] abw = 0 (1.2,1) dz'^ dz 
has a solution 
r i = 0 {c)n n\ 
Where a, 6, c are parameters independent of z for c neither zero nor a negative integer 
and is denoted by 2Fi{a,b; c; z) i.e. 
2Fi(a,6; c; z) = )i^~r:^-^, [1.2.2) 
which is known as hypergeometric function. The special case a = c, 6 = 1 or 6 = c, 
oo 
a = 1 yields the elementary geometric series ^ z", hence the term hypergeometric. 
71 = 0 
If either of the parameter a or 6 is negative integer, then in this case, equation 
(1.2.2.) reduces to hypergeometric polynomials. 
Generalized Hypergeometric Function 
The hypergeometric function defined in equation (1.2.2) can be generalized iii MI 
obvious way. 
pJ^q 
Q ! l , Q ! 2 , - - - yOlp 
Pup2,---,Pq 
y ^ ( Q l ) n • • • ( a p ) n 2" 
= pFg(ai,---ap; A , - - -^ , ; 2), (1.2.3) 
Where p,q are positive integer or zero. The numerator parameter QI, •• a,, and the 
denominator parameter Pi,- "Pg take on complex values, provided that 
Pj 7^  0 , - 1 , - 2 , - - - , j = l,2,---,q 
Convergence of pF^ P^ q 
The series pFq 
(i) converges for all | z |< 00 if p < q' 
(u) converges for I z |< 1 if p = g + 1 and 
(iii) diverges for all z, z 7^  0 if p > g + 1 
Further more if we set 
\j=i j = i / 
the pFg series with p = q+ I is 
(i) Absolutely convergent for | z |= 1 if Re{uj) > 0 
(ii) Conditionally convergent for | z |= 1, z 7^  1 if - 1 < Re(a.') < 0 
(iii) Divergent for | z |= 1 if Re(a;) < - 1 . 
An important special case when p — q = 1, the equation (1.2.3) reduces to the 
confluent hypergeometric series iFi named as Kummers series [48], (see also Slater 
[74]) and is given by 
Whenp = 2, q=:l, equation (1.2.3) reduces to ordinary hypergeonietirc function 
2F1 of second order given by (1.2.2). 
1.3. HYPERGEOMETRIC FUNCTION OF TWO AND SEV-
ERAL VARIABLES 
Appell Function 
In 1880, Appell [4] introduced four hypergeometric series which are geiierahzatiori 
of Gauss hypergeometric function 2-^ 1 and are given below: 
F,[a,b,b; c; x,y] = Y. 77. :ZJZr^ (1-3.1) 
m,n=0 [C)m+n ml n\ 
(max{|x U y 1} < 1) 
F,[aAb: C.C, xM = ^ E ^ (,)„^(^)^ : ^ , (1-3.2) 
( | x | + | y | ) < l 
Fs[a,a,b,b; c;x,y] = }_^ r r - 7 3 (13.3) 
(max{| X 1,1 y 1} < 1) 
rp r , / 1 V ^ (Q)m+7t(fe)m+7i x " ' y " 
F.[a,b; c,c- x,y] = ^ ^ ^ ^ - ^ - ^ - ^ - ^ - ^ (1.3.4) 
(v^ l ^  I + \/\V\ < 1). 
The standard work on the theory of Appell series is the monogrph by Appell and 
Kampe de Feriet [3]. See also Bailey [6; Ch(9], Slater [74; Ch(8] and Exton [23; 
p.23(28)] for a review of the subsequent work. 
Humbert Function 
In 1920, Humbert [32] has studies seven confluent form of the four Appell func-
tions and denoted by $i ,$2 ,$3, * i , *i,£^i,£^2 four of them are given below (see, 
[86]): 
^i[a,p, 7, x,yi 2^ 
m.,n=0 \ I)m+n '"•• "-• 
(I X \< 1,1 y \< oo) 
1.3.5) 
m , n = 0 l^  l)ni+7i ' " • '>-• 
{\ X \< 'Cc.\y \< oo) 
3.6) 
$3[/3; 7; 2;,y] = ^ (/?)„, x-y'^ j;;lo(7)m+n m!n!' 
(I X |< oo, I J/ |< oo) 
(1.3. 
*i[a,/3; 7,7'; a;,j/] = J ] {ct)mUP)m x^y^ 
^2 [a; 7,7'; a:,y] = ^Z 
7I0 (7)m(7')" "^ ' ' ^ ' ' 
(I X |< 1,1 y |< 00) 
{a)m+n X"Y 
(I X |< 00,1 y |< 00) 
1.3.8) 
(1.3.9) 
Lauricella Function 
In 1893, Lauricella [50] generahzed the four Appell functions Fi, i^ 2, ^3,-^4 to 
functions of n variables defined and represented as 
Fx''[a,bi,---,bn; ci,---,c„; xi,---,Xn] 0:1;- •;1 
a 
0 
••bu-
• c i ; -
• ; & n 
• ; c n 
1 
: c i , - -
1 
• , Xn 
mi-rriji mil • • -mnl 
i\x,\-h---+\Xn\< 1), 
(1.3.10) 
?{n) 
Fy[ai,- • • ,an,bi,- • • ,bn;c;xi,- • • ,Xn] = F°o;'.;o 
(^ubii- • -laa^bn ; 
c : 
\C)mi+-+m„ mi'.-- -mn 
Xi,- • • , . C „ 
: i .3 . i i ; 
An) -2:0;-;0 
(max{| xi | , - - - , | x„ 1} < 1), 
a,b : _ ; • • • ; _ ; 
F^ [a,b; Ci, • • •, Cr^ ; Xi, • • •, x„] = Fo.i;-'-'';i X j . • • • , . r , j 
• ^ 1 ) * * ' J C^l , 
E ( O J m i + - + m n ( 0 l j m i + - . + m „ Xj • • • X „ " 
"l l . '"2>"-i ' ' ln=0 ( C l ) m i • • • ( C n ) m n m i ! - - - m ^ 
:i.3.i2) 
a : 6 i ; - - - ; 6n ; 
c : 
Wmi+-+mn{bl}mi ' ' ' [bnjmn ^ 1 ' ' ' ^ « ' 
Xl 1 * * * 1 X71 
= E 
mi ,—m„=0 
(max{| xi | , - - - , | Xn 1} < 1; 
(1.3.13) 
Clearl}', we have 
;^ (2) _ ^(2) F ^ = F2, F'^> = F3, F^'> = F,, F);> = F, (2) _ .(2) 
and 
pW ^ pW _ j,i}) iF,. 
A summary of Lauricella's work is given by Appell and Kampe de Feriet [3]. (See 
also Carlson [10] and Carlitz and Srivastava [9]). 
A unification of Lauricella 14 hypergeometric functions F^,- • • ,Fi4 of three vari-
ables [50], and the additional functions HA,HB, He [86] was introduced by Srivastava 
[77, p.428] who defined a general triple hypergeometric series F^'^^{x,y, z]: 
J?(3) 
(a) ::(6);(6');(6' ');(c);(c');(0 
(e) •.•.{gy,{g');{9"y,{hy,{h');{h") ; 
x,y,z 
= E ((a))^+„+p((6)U„((6'))n+p((6"))p±m((c))^((c'))„((c"))p x"^!/' 
(1..114) 
with, as usual, (a) abraviates the array of .4-parameters 
ai,a2---aA, ( (aJV = [[w)m = U —P7—T—' (1.3.15) 
Confluent form of Lauricella function 
$2"^ and "^2"^ are two important confluent forms of Lauricella functions are given 
by 
^2[bu---,bn;C;Xi,---,Xn]= ^ 
( ^ l ) m i • • • [biijmn 2:1 ^ • • • Xj™' 
i.^„=o (ci)„n+...+m„ mV.---mJ ;i.3.i6) 
and 
^^"^[a; Ci,---,Cn; Xi,---,a;„] = X! V " 7 m i - | [-Tin -^1 -^71 
^ . X = o ( c i ) m i - - - ( C n ) m „ m l ! - - - m. 
(1.3.17) 
In terms of ^2 > the multivariable extension of Whittaker's M^_ ,^ function was 
defined by Humbert [32] in the following form: 
-I, 
An) W>i + --- + fin-K + n/2- 2/Xi + l,---2^„ + l; Xj, • • • ,a;„]. (1.3.18) 
1.4. G AND ff-FUNCTIONS 
The G function is defined by 
G: p,<i = 1 / A ^ 2m JL A p/1 _ 
j = m + l 
n m - 0 nr(i-a, + c) 
( i .4.r 
Where ^ ^ 0, an empty product is interpreted as 1; m,n,p,q are integers such that 
0 < m < q and 0 < n < p; and the parameters a's and /?'s are so constrained that no 
pole of r{Pj — C)) i = 1) • • •) "^, coincides with any pole of r ( l — aj +(), j = 1, •• •, n. 
The three different paths of L of integration in (1.4.1) are discussed, among others by 
Erdelyi et al. ([16], p.207). For example, L is a MeUin Barnes contour runs from -zoo 
to too with indentations, if necessary, so that all poles of r{l3j ~ (), j = I.- • •, m, lie 
to the right of the contour, and all poles of r ( l — QJ + C), J = 1, • • •, n, he to the left 
of the contour. The integral (1.4.1) converges in this case if 
A = m + n—-{p +q) > 0 and | arg(z) )< ATT. 
Li 
;i.4.2) 
If I arg(z) 1= ATT, ATT > 0, the integral (1.4.1) converges absolutely when p = q if 
Re(a;) < —1; and when p ^ q, ii with ( = ^ + ir], ^ and r] real, ( is so chosen that, for 
Tj —> ±0O, 
( g - p ) e > l - - ( g - p ) + Re(a;), (1.4.3) 
9 P 
where a; = Re { ^ ^j — ^ a^ | > 0. 
10 
The G-function is an analytic function of z with a branch point at the origin. It 
is symmetric in the parameters 
a i , - - - , a „ : a„+i, • • • ,ap; A, • • • ,/3^; and Z^^+i, • • •,/?,. 
The //-function is defined by 
( a i , A i ) - - - ( a p , y l p ) 
( A , 5 i ) - - - ( ^ „ 5 , ) 
m n 
H, m,n 
1 f j=l j=\ z'^dC, :i.4.4) 
C) n r{aj-A,o 
j=n+l 
j=m+l 
Where L is a suitable contour of the MeUin-Barnes type separating the poles of 
r{pj-BjO, J = !,•••,m 
from those of 
r{l-aj + AjO, J = !,•••, n 
an empty product is interpreted as 1, the integers m,n,p,q satisfy the inequalities 
0 <m <q and 0 < n < p 
The coefficients Ai,- •• ,Ap and Bi, • • •, 5 , are positive real numbers, and the complex 
parameters ai,--- ,ap and A, •••,/?, are so constrained that no poles of the integrand 
coincide. If we set 
^ = E ^ . - E ^j + ZBj- E B, 
j = l j=n+l j=l j=m+l 
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(1.4.5) 
then, for Q > 0, the integral in (1.4.4) is absolutely convergent and defines the H 
function, which is analytic in the sector 
I arg(z) |< -JITT 
the point z = 0 being tacitly excluded. 
The //"-function makes sense also when either (see Brasksma (1964)) 
5 = ^ Bj - ^ Aj > 0 and 0 <| z |< oo. ^1.4.6) 
It is easy to observe that the //-function would reduce to the G-function in the 
trivial cases when Aj = Bk — C, C > Q, j = I,- • • ,p and k = 1, • • •,(/, since the 
definitions (1-4.1) and (1.4.4) readily yield the relationship: 
Tjm.n 
( Q ; i , C ) , - - - , ( a p , C ) 
(/3i,C),---,(^„C) 
A/C C > 0 , 
(1.4.7) 
1.5. BESSEL FUNCTION AND HYPER BESSEL FUNC-
TION 
Bessel's equation of order n is 
^ 2 A ^ ^ ^ ^ ( ^ 2 ^ ^ 2 ) ^ = 0, 
dx^ dx 
Where n is non-negative integer. The series solution of the equation (1.5.1) is 
'i.5.i: 
Jn{^) = E (-l)'-(a;/2)2'-+" Z^ r! r(n-I-r + 1) '1.5.21 
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the series (1.5.2) converges for all x. 
In particular, 
J_i/2(z) = \l — COS2 and J\/2{z) = sin 2. 1.5.3) 
One calls J„(x) as Bessel function of first kind. The generating function for the 
Bessel function is given by 
exp 
X ( 1 
2(^-7 E ^ ''UA U.5.4] 
Bessel function is connected with hypergeometric function by the relation 
_; 1 -f n; 1.5.5) 
Bessel functions are of most frequent use in the theory of integral transform. For 
more discussion of the properties of Bessel function (please see, [94]). 
Modified Bessel's Function 
Bessel's modified equation is 
X 
2<^V , „ ^ y (Ji , „2^ + x-^ - ( x ' + n^ )y = 0, dx"^ ' ~ dx ;i.5.6) 
The series solution of the equation (1.5.6) is 
Ux) = Z (x/2) 2r+n '1.5.7) ; t ^ r ! r ( n + r + l ) ' 
Where n is non negative integer. 
7„(x) is known as modified Bessel function. The function /„(x) is related to 
Jn(x) in much the same way that the hyperbolic function is related to trigonometric 
function, and it can be written as 
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In{x) = i "J„(ix). 
The generalized Bessel functions (GBF) have been the topic of a recent study by 
the authors [13]. This research activity was stimulated by the number of problems in 
which this type of functions is an essential analytical tool and by their entrinsic math-
ematical importance. The GBF have many properties similar to those of conventional 
Bessel function (BF). 
As far as the application of GBF are concerned they frequently arise in pliysical 
problems of quantum electro dynamics and optics, the emission of electromagnetic ra-
diation, scattering of laser radiation from free or weekly bounded electrons ([12],[13]). 
Hyper Bessel Function 
The Hyper Bessel function Jm,n{z) of order 2 is defined by (see Humbert [33] 
Jm,n\Z) 
(z/3) m+n 
r(m + i)r(n + i) 0-^2 _\ m + l ,n-f 1; :i.5.8) 
and its generating function is defined by 
exp Iv^'-h^ = E x"'y" (z/3) m+n .„tioo r(m 4-1) r(n -f 1) 0-f^2 _; m+ l,n+ l\ 
;i.5.9) 
Modified Hyper Bessel Function 
The modified Hyper Bessel Function Im^n{z) of order 2 is defined by (Delerue 
[14]) 
^m,n\Z) 
(z/S) m+n 
r{m+l)T{n + l) 0-^2 _; m + l,n + l; [- :i.5.10) 
14 
and its generating function is defined by 
exp - ix + y+ — 3 V 2;y , 
oo „m„,n 
rji,n=—CO r ( m + l ) r ( n + l ) 
0-f^2 m + 1, n + 1; 
'1.5.11: 
The generating function of Hyper Bessel function J,,,^. ,„,.(z) of order n and its 
modified case Imi-mni^) •^re given by 
exp 
z / 1 
Xi + • • • -\- Xn — 
n + 1 Xi • • • Xn 
(1.5.12) 
n i l •••7(1,1 = — 0 0 
where 
E"»j 
_ (z/n + 1)^ =-
_; mi + 1 •••m„ + 1; -
n + 1 
7 7 + 1 
and 
exp 
.71+ 1 
Xi-\ \-Xn + 
•^1 ' ' ' -^n 
(1.5.14) 
777 J . . . 771,1 = — CX) 
where 
•iTni--mn\^) 
(z/n + iy=' 
Wi! • ••mj oFn 
_; mi + 1 •••m„ + 1; 
n+ 1 
77+1 
(1.5.15) 
For n = 1, these functions coincide with the Bessel function. 
1.6. MITTAG-LEFFLER'S FUNCTION AND RELATED FUNC-
TIONS 
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The function 
was introduced by Mittag-Leffler ([56],[57]) and was investigated systematically by 
several other authors (for detail, see [18; Chapter XVIII]). Eo,{z), for a > 0, furnishes 
important example of entire functions of any given finite order 1/Q. 
It is note that 
Ei{z) = e\ E2{z^) = coshz, ^1/2(z^^^ ^ 27r^/^e"Eric{-z^^'^) (1.6.2) 
Where erfc denotes the error function, defined by equation (1.1.15) 
Many of the most important properties of Ea{z) follow from the integral repre-
sentation 
E. = — / dt (1.6.3) 
2-Ki Jc t"' — z 
where the path of mtegration C is a loop which starts and ends at —00, and encircles 
the circular disc | t \<\ z \^^" in the positive sense i.e. —n < argt < n on c. The 
following Laplace transform of £'a(^") was evaluated by Mittag-Leffler: 
/ e-'E^{ez)dt = (1.6.4) 
JQ Z - I 
Where the region of conversion of integral (1.6.4) contains the unit circle and is 
bounded by the fine Re(2^/") = 1. Humbert [34] obtained a number of functional 
relations satisfied by Ea{z) with the help of integxal (1.6.4). 
Feller conjectured and Pollard [64] showed that Ea{-x) is completely monotonic 
for x > 0 if 0 < a < 1. 
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We have 
Eo{-x) = (l + x ) - \ E,{-x) = 
The function 
^k 
e ^ (1.6.5) 
has properties very simihar to those of Mittag-Leffler's function. (See Wiman [95], 
Agarwal [1] and Humbert and Agarwal [35]). 
We have 
and \ (1.6.7) 
EaA^) = —— + zEa,a+/j(2) 
Where iFi is the confluent hypergeometric function defined by (1.2.4). 
The integral representation of Ea^0{z) is given by 
1 r f"~^e" 
Ea0 = :r- / dt (1.6.8) 
Where c is the same path as in (1.6.3). Similarly the Laplace transform of t'^'^Eaif^) 
can be obtained by means of integral 
/ e-'t^-^ Ea{t"z) dt = (1.6.9) 
Jo 1 — z 
Where the region of convergence of (1.6.9) is the same as that of (1.6.4). 
The functions Ea{z) and Ea,p{z) increase indefinitely as z -> oo in a certain 
sector of angle QTT, and approach zero as z —> oo outside of this sector. 
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A function intimately connected with E^^p is the entire function 
2^ 
which was used by Wright [96,97] in the asymptotic theory of partitions. Tlie asymp-
totic behaviour of (j){z) as 2 —^  oo was also investigated by Wright [98,99]. Here one 
can easily verify that 
Uz) = ( 0 " '^ f 1,^  + 1; ~Yj (1.6.11) 
It shows that Wright's function may be regarded as a kind of generalized Bessel 
function Ju{z), defined by equation (1.6.2). 
0(2) can be represented by the integral 
4>{a,p;z) = ^ [ u-'^ expiu + zu-") du, a>0 (1.6.12) 
ATVi J - 0 0 
The methods developed here are shown to apply not only to Laguerre polyno-
mials and hypergeometric functions but also to such other special as Mittag-Leffler's 
function Ea, Ea^f^ and Wright's function (f){a,P;z). 
1.7. THE CLASSICAL ORTHOGONAL POLYNOMIALS 
The hpergeometric representation of classical orthogonal polynomial such as Ja-
cobi polynomial, Gagenbauer polynomial, Legendre polynomial, Hermite polynomial 
and Laguerre polynomial and their orthogonality properties, Rodrigues formula, re-
currence relation and the differential equation satisfied by them are given in detail in 
Szegb, [93], Rainville [67], Lebedev [51], Carlson [11, Ch.7]. We mention few of them: 
Jacobi Polynomial 
The Jacobi Polynomials Pjf'^\x) are defined by generating relation 
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J2 Pi'''^\x% = [1 + l/2(x + \)tY[l + l/2(x - l)^]'^ (l .7.r 
n=0 
Re(Q) > - 1 , Re(5) > - 1 
The Jacobi Polynomials have a number of finite series representation [67 p.255] 
one of them is given below: 
p(«,/3)/^W _ V (l + Q)n( l+a + <3W- P ' ^ M ' ' ,,^.y^ 
" ^^ " hkHn-k)\{l + a),{l+a + 8),, I 2 J ' ^ '^-^ ^ 
For P = a the Jacobi Polynomial P^'°'{x) is known as ultraspherical polyiujmial 
which is connected with the Gegenbauer polynomial Cj-^'^^x) by the relation [2: p. 191] 
For Q; = /? = 0, equation (1.7.2) reduces to Legendre Polynoniial Pni'-i'). 
Hermite Polynomial 
Hermite Polynomial are defined by means of generating relation 
oo ^2 
exp{2xt-t^) = 5 ] / / „ ( x ) - , (1.7.4) 
71 = 0 ^ • 
valid for all finite x and t and one can easily obtained 
Associated Laguerre Polynomial 
The associated Laguerre Polynomial ,^^ "^ (2;) are defined by means of generating 
relation. 
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Y.L'^nKxr = ( l -0- ("+^)exp 
n=0 
xt 
t - 1 :i.7.6) 
For a = 0, the above equation (1.7.6) yield the generating function for simple 
Laguerre Polynomial Ln{x). 
A series representation of Ll^^{x) for non negative integers n, is given by 
4.,( ,)= ^ M ) ' ( n + »)!.-
t„k\{n-k)\{a + k)V 
for a = 0, equation (1.7.7) gives the definition of Laguerre polynomial. 
Laguerre Polynomial Ll^\x) is also the limiting case of Jacobi Polynomia 
(1.7.7) 
L^^\x) = ,lim P/-^) 1 2.r :i.7.8) 
Hypergeomertic representations 
Some of the orthogonal polynomials and their connections with hypergeometric 
function used in our work are given below: 
Jacobi Polynomial 
p(a,/3)(,) = I a + n^ 
n 
iF, 
—n, a + P + n+ I ; 
Q' + 1 
1 - z 
:i.7.9) 
Gagenbauer Polynomial 
''n + 27 - r QW = 
n 
iFi 
-n,2j + n ; 
7 + 1 / 2 ; 
1 - z (1.7.10) 
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Legendre Polynomial 
-n,n + 1 ; 
1 ~ z (1.7.11) 
1 / 2 + l \ ' ' / ^ 
r ( i - / x ) \ z - i 
-n,n + 1 
1 - /i ; 
1 - z 
:i.7.i2i 
Hermite Polynomial 
Hn{z) = {2zr2Fo 
Laguerre Polynomial 
—n 1 n 
T'2~r - ' '"" 
- 2 ;i.7.i3) 
Ll:\z) = i l ± ^ , F , [ - n ; l + a ;z ] 1.7.14] 
nl 
Other familiax generalization (and unification) of the various polynomial are stud-
ied by Sriv£istava and Singhal [92], Srivastava and Joshi [83] Srivastava and Panda 
[89] Srivastava and Pathan [90] and Shahabuddin [71]. 
1.8. GENERATING FUNCTIONS AND INTEGRAL TRANS-
FORMS 
A generating function may be used to define a set of functions, to determine a 
differential recurrence relation or pure recurrence relation to evaluate certain integrals 
etc. A generating function for a set of function {fn{^)} is defined as follows [86; p.78-
82]. 
Definition: Let G{x, t) be a function that can be expended in powers of t such that 
oo 
Gix,t) = Yl^UxT (1-8.1) 
n=0 
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where c^ is a function of n, independent of x and t. Then G{x, t) is called a g<-n(^ iatmg 
function of the set {/„(x)}. If the set of function {/„(x)} is also defined for negative 
integers n = 0,±1,±2, •••, the definition (1.8.1) may be extended in terms of the 
Laurent series expansion 
oo 
G{x,t) = Yl Cnfn{x)f' f 1 .8 .2 ) 
Tl=—oo 
where {c„} is independent of x and t. The above definition of generating function 
used earlier by Rainville [67, p.l29] and McBride [54, p.l] may be extended to include 
generating functions of several variables. 
Definition: Let G{xi • • -Xkyt) be a function of {k + 1) variable, which has a formal 
expansion in powers of t such that 
CO 
G{Xi,--- ,Xk,t) = YlCnfn{Xu--- ,Xi,)e ( 1 . 8 . 3 ) 
n=0 
where the sequence {c„} is independent of the variable xi,---,Xk and /. Then 
we shall say that G{xi,- • • ,Xk,t) is multivariable generating function for the set 
{fni^i,- • •)3:fc)}^o corresponding to non-zero coefficient {c,J. 
Bilinear and Bilateral Generating Functions 
A multivariable generating function G{xi • • • x^, t) given by (1.8.3) is said to be 
multilateral generating function if 
fn{Xi---Xk) = 9la^{n){xi) • • • gkak{n){Xk) ( 1 . 8 . 4 ) 
where aj{n), j = 1,2- •• ,k are functions of n which are not necessarily equal. More-
over, if the functions occurring on the right hand side of (1.8.4) are equal the equation 
(1.8.3) are called multilinear generating function. 
In particular if 
Gix,y-t) = Y^Cnfnix)gMf (1.8.5) 
n=0 
and the sets {fn{x)}^=o and {gn{y)}^=o are different the function G{x,y-t) is called 
bilateral generating function for the sets {/n(x)}^o or {5n(?/)},T=o-
If {fn{x)}^^o and {gn{y)}^^o are same set of functions then in that case we sa\ 
that G{x,y]t) is bilinear generating function for the set {/„(2:)}^=o or {9n(,'y)},f=o-
Example of Bilinear Generating Function 
(l-O-'-exp 4±l)!)„f , 
_; i + a; 
xyt 
{i-ty 
n! L-ix) L-{y)V 
n=0 ( l + « ) n 
(1.8.6) 
Example of Bilateral Generating Function 
{l-t) —l—c—a (1 - t + yt-"") exp —xt IF l c; 1 + a; xt/i ( l - i ) ( l -t + yt) 
= Y. 2^1 [-n,c; l + a;y] L^:\x) e (1.8.7) 
71=0 
Integral Transforms 
Integral transforms play an important role in vaxious fields of physics. The 
method of solution of problems arising in physics lie at the heart of the use of in-
tegral transform. 
Let f{t) be a real or complex valued function of real variable i, defined on interval 
a < t < b, which belongs to a certain specified class of functions and let F{p, t) be a 
definite function of p and t, where p is a complex quantity, whose domain is prescribed, 
then the integral equation 
rb 
Ja 
'1.8.8) 
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where the class of functions to which f{t) belongs and the domain of p are so prescribed 
that the integral on the right exists. 
F{p,t) is called the kernel of the transform <p[f{t),p], if we can define an integral 
equation 
m = iy{mf{t),p]dp (1.8.9) 
then (1.8.9) defines the inverse transform for (1.8.8). By given different values to 
the function F{p,t), different integral transforms are defined by various authors like 
Fourier, Laplace, Hankel and Mellin transforms et cetera. 
Fourier Transform 
Fourier transform is defined as 
Tifix); C] = (27r)-^'- r /(x)e'«^ dx (1.8.10) 
the Fourier transform of f{x) and regard x as complex variable. 
Laplace Transform 
Laplace transform is defined as 
roo 
^m;p] = / me'^'dt (1.8.11) 
Jo 
the Laplace transform of f{t) and regard p as complex variable. 
Hankel Transform 
Hankel transform is defined as 
/•CO 
nAfit);^] = / mtM^t)dt (1.8.12) 
Jo 
the Hankel transform of f{t) and regard ^ as complex variable. 
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Chapter-2 
GENERALIZED BESSEL FUNCTIONS AND ITS 
MODIFICATIONS 
2.0. INTRODUCTION 
Bessel functions appreared in astronomical and mechanical problems, the relevant 
theory was formulated in a coherent manner in the famous treatise by G.N. Watson[95j 
displaying the wealth of properties and the connections with other special functions. 
Originally introduced by Bessel in 1824 while discussing a problem in astronomy 
the Bessel functions have received the most extensive treatment among all the special 
functions. Even G. N. Watson in his voluminous book "A treatise on the theory of 
Bessel function" has not been able to exhaust the treatment completely. 
In the last two decades several papers appeared for obtaining various properties 
related to G.B.F. (please see [6], [12], [13], [14]). 
In the present chapter,a study of B.F and G.B.F in sections (2.1) and (2.2), and 
a study of Bessel functions with two variables and one parameter and modified Bessel 
functions has been made in sections (2.3) and (2.4) respectively. 
2.1. BESSEL FUNCTIONS 
Bessel's function is the solution of a second order differential equation. 
x ^ g + £ + (x^ - n^)?/ = 0 (2.1.1) 
where n is a constant which is frequently occurred in physical problems. It arises in the 
solution of Laplace's equation associated with circular cylinder, and so its solutions 
are also called cylindrical functions. 
These cylindrical functions are known as Bessel functions. 
Bessel function is defined as [see(1.5.2)] 
°° (-1)'- (f )"+ '^-
^or\r{l + n-hr) 
where n is a non negative integer and 
M^) = E.^ra  ^  (2^-2^ 
Ux) = (-irj^„(x) 
Jni-x) = J_„(-x) = ( - l )V+„(x) 
Jn{0) = 5„,o 
where n is a non negative integer, is called Bessel's function of order n for all finite x 
and 6 is called kronecker symbol. 
Some Bessel function of pure imaginery argument are of importance in many physical 
problems. These Bessel functions of pure imaginery argument are related to Jn{x) as 
follows and [see also (1.5.7)]. 
where n is not a negative integer is called a Modified Bessel Function [36], of 
order n 
and 
/_„(a:) = In{x), Jn{ix) = i'^Ux) 
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/n(0) - 5„,, 
Recurrence Relations 
Recurrence properties of cylinderical BF of integer order are 
i). 2— Jn{x) = Jn-\{x) - Jn+l{x) 
2n 
X 
Jn{x) = Jn-l{x) + J„+i(.x) 
ii). For M. B. F. 
2— In{x) = / „ _ i ( x ) + In+l{x) 
2n 
— In{x) = / „ - l ( x ) - In+\{x) 
X 
Generating Function 
(2.1.4) 
(2.1.5J 
;2.1.6) 
From (2.1.6) and (2.17) we get the following generating function [see equation 
(1.5.4)] 
^ r J„(x) = exp 
X , 1 • 
- it- -) 
2 ^ r. 
( 0 < | t | < o o ) (2.1.7) 
oo F T 1 
^ r /„(x) = exp - {t + -; 
n=—oo 
Setting t = exp[i0], we find the relevent Jacobi-Anger expansion 
(2.1.8) 
^ ex.-p\in(j)]Jn{x) = exp [ix sin cp] 
and 
(2.1.9) 
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J2 exp[m0]/„(x) = exp[xcos0] (2,1.10) 
n=—oo 
Integral Representation 
From the equations (2.1.8) and (2.1.9), one obtains the following integral repre-
sentations. 
1 / •"• 
exp[m^] J„(a;) = — / explxsin(f> - nd]d((> (2.1.11) 
1 f^ 
exp[in(f)] In{x) — -^ exp[xcos(j) + n(t)]d4> (2.1.12) 
2.2. GENERALIZED BESSEL FUNCTIONS 
The theory of generalized Bessel function (GBF) has received some attention , 
mainly in connection with spontaneous or stimulated scattering processes for which 
the dipole approximation is inadequate [69]. To quote a few popular problems where 
GBF play a crucial role,we recall the scattering of free or weakly bounded electrons by 
intense laser field [70] , the spectral properties of synchrotron radiation by relativistic 
electrons passing in magenatic undulator [6], the gain of free-electron lasers operating 
on higher off-axis harmonics [11] and so on. 
j(-)(x, y; t) and /^)(.r , y; t) 
The generalized Bessel functions, are characterized by two indices, two variables 
and one parameter. They are defined by a series of product of ordinary Bessel func-
tions of integer order. 
4^\x, y-t) = -£ f Ji{x) Jn+mAy) (2.2.1) 
i=—oo 
the parameter t being assumed complex. It is evident that the Jn{x, y) can be received 
from (2.2.1) by setting t = \ and m = —2. 
28 
The function (2.2.1) reduces to the ordinary B F's for x or y equal to zero ac-
cording to 
lim4'")(x,y;i) = 4-)(0, y; t)'= Uv) (2.2.2(a)) 
lim j(-)(a:,y;t) = j(-)(x, 0; t) 
t 'nJ_iL(x) ; ^ Integer 
; otherwise 
2.2.2(6); 
4"^^ = n^,0 
Where 5n,m kronecker symbol. 
Recurrence Relations 
The recurrence relations obeyed by the J^'"^(x, y; t) are as folows: 
' 2n4- ) (x , y; t) = y\jt\{x. y; )^ + 4: i(a: , y, t)\ 
-mx Itji'llnix, y; t) + jJn-Li'J^, V, t) 
Jm) 2§-JirKx, y- t) = 4 - ! (x , y; t) - 4":{{x, y- t) 
'dy 
(2.2.3) 
dx n \Xi Vt t) — W n + m l ^ i Vi '•j t'-'n-m[X, P, t) 
. 2 | 4 - ) ( x , y; 0 = xJ^rKx, y; t) + ^J^'^Hx, y; t) 
(2.2.4) 
The above relations resemble in some sense the recurrence formulae holding for ordi-
nary B.F's. 
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2nJn = y{Jn-l +Jn+l) 
d 
'^~rJn — Jn-i — Jn+1 ( 2 . 2 . 5 ) 
which however, exhibit a simple structure, connecting only functions with the nearest 
indices. 
Conversly, the relation (2.2.2) shows a more elaborated structure, the roles of the 
two variables x and y being clearly distinct. The term containing the y - variable dis-
plays the same structure as the three term connections (2.2.3) and (2.2.4), whilst the 
variable x introduces functions with indices shifted up and down of m. The presence 
of the parameter t turns in to a further recurrence relations for the corresponding 
derivative and appears only in connection with the x variable. 
Generating Function 
The generating function T"^{x, y; t, r) defined as usual, by the series 
T^{x,y-t,r) = E r'^Jt^x, y; t) (2.2.6) 
n=—oo 
can be easily obtained from the recurrence relation (2.2.2), (2.2.3) and (2.2.4) in the 
following form: 
T'(-)(rr,y;i,r) = exp { | (r - ^) + | ( ; ^ - ^ ) } (2.2.7) 
which is particularly interesting because the arguments of the exponential are the sum 
of two indices. The first is just the same entering the expression of the generating 
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fimctions for ordinary BF's the second arising form of the presence of Jn+m, 's in the 
definition (2.2.1) 
In particular, in correspondence with the specific values t = exp(zi9) and r = 
exp(i0) the expression (2.2.7) specializes into 
T^'^\x, y- e'\ e'<^ ) = exp{? [ysinc^ + 2;sin(^ - m.0)]} (2.2.8) 
Integral Representation 
Thus the GBF's integral representation is 
J'^\x,y;t) = — I exp{2[2/sin(/) + xs in(^-m0)-n( / ) ]}( i0 (2.2.9) 
27r J-it 
2.3. THE GBF WITH TWO VARIABLES AND ONE PA-
RAMETER 
The one-parameter generalized Bessel function Jn{x, y; t) is defined as follows 
CXD 
Jn{x,y;t) = Yl t' Jn-2i{x)Ji{y) (2.3.1) 
i=—oo 
(.X, y) e R 
and for t = 1 reduces to the GBF , expressed as follows 
oo 
Jnix,y;l)^Jn{x,y)= J2 Jn-2i{x)My) 
i=—oo 
Jn{x,y;t) reduces to the usual B.F. in the following particular cases 
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Jn{0,y;t) = 
t^J^iy) ; for n-even 
Jn{x,0;t) = Jn(x) 
Moreover, one has 
; for n-odd 
Jn{x,y;0) = 0 
(2,3.2(a)) 
(2.3.2(6)) 
J„(0,0;i) = 5„,o (2.3.2(c)) 
Here 5n,m is the kronecker symbol. 
Recurrence Relations 
The following recurrence relation hold for Jn(x,y;t) 
2nJnix,y;t) = 
Moreover, one has 
x[Jn-i{x,y;t) + Jn+i(x,y;t)] + 2y[tJr,-2{x,y;t) + -Jn+2{x,y\t) 
(2.3.3) 
JlJn{x,y]t) 
g .^'^nV*^) y'l *j 
Jn-2{X, y, t) + ^Jn+2{X, y\ t) 
\[Jn-i{x,y;t) - Jn+i{x,y;t)] 
•^Jn(x,y;t) = l[tJn-2ix,y;t) - \Jn+2(x,y;t)j 
Symmetric Properties 
(2.3.4) 
32 
J„(a;,y;i) has the following symmetric properties 
Jn{-x,y;t) = {-lTUx,y-t) 
Jn{x,-y;t) = Jn{x,y;-t) = (- l)"J_„(x, y ; - ) (2.3.5) 
Jn{-x,-y-t) = {-\YUx,y--t) = {~lYJ_r^{x,-y•^] 2.3.6) 
From equation (2.3.5) and (2.3.6) the following useful relation arises 
J„(-x, -y ; -t) = (- l)"J„(x, y; t) = J-n{x, y, 
Generating Function and Associated Series 
Function Jnix, y; t) has the following generating function 
T{x,y;T,t) = Y^ eJn{x,y;T) = exp X, 1 . y , •) 1 ;2.3.7) 
Putting i = 1 in equation (2.3.7), we get 
oo 
J2 Jn{x,y;T) = exp y ( ix 
Considering the derivative with respect to t in equation (2.3.7) and setting ^ = 1, 
we get 
5^ mJm{x,y,t) = J^m[Jmix,y,t) - J-m{x,y; t)] 
m = l 
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= [x + y(f+i)]exp[|(i 
Moreover considering the relations 
f; t'''^^J2n+x{x,y-t) = sinh X f 1 exp 
Y, t^''J2n{x,y;t) = cosh X / 1 2 V ~ 7 exp 
2 V Tt~ 
1 
2 V rt2 
Which can be easily derived from the equation (2.3.7) 
Putting t = 1, one obtains the following identities 
oo 
Y^ J2n+iix,y;l) = 0 
Y J2n{x,y;l) = exp 'y ( 1 2 ^ r 
Putting t = e'<^  and r = e'^ in equation (2.3.7), We get 
oo 
J2 cos{n(})) Jnix, y; e'^) = cos[2sin0 + ysin(^ + 2(^ )] (2.3.8) 
n=—oo 
oo 
Y sm{n<p) Jn{x, y, e'^) = sin[a;sin(/) +ysin(^ + 20)] (2,3.9) 
n=—oo 
At this point, putting 0 = | in equations (2.3.8) and (2.3.9) 
oo 
Mx, y; e'^) + ^ ^ ( - l ) " ' [j2m{x, y; e'') + J-2m{x, y; e'')] = cos(x - ysmO) 
m = l 
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oo 
E ( - i r [J2m+i{x, y; e"^) - J-2m{x, y; e'^)] = smix - ysinB) 
m = 0 
One can obtain sum rules involving squres of GBF, J„(a;, y; t) for t e R. 
E Jnix,y;t) = /o y{t (2,3.10) 
E nJ^ix,y;t) = 2yh y[t~j 
E r?Jl{x,y-t) = •'• .2 , „ 2 f,2 1 
-x^ + yMi^ + -L2 /o y U -
^ r y U 2y'/2 y t fJi 
Moreover for i = z, the following result is valid 
E \Jn{x, y; t)\' = 1 
7 l=—oo 
Addition and Multiplication Formulae 
Prom equation (2.3.7), it follows that 
T{x + x', y + y'; s, t) = T{x,y;s,t) T{x', y'; s, t) (2.3.11) 
Inserting into equation (2.3.11) the series representation of T{x, y; s, t) , in any mem-
ber of the equation, a series expansion in the power of t into the two series , one gets 
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the addition for Jn(x,y;s) namely 
oo 
Jk{x + x',y + y';s) = ^ Jk-m{x,y\s) Jm{x\y'\s) 
m=—oo 
Moreover, the following multiplication formulae are valid 
oo (^\^ 
fc=0 k\ 
t 
A2-
;A ^ 0) 
oo /J/XA; 
fc=0 ' ' • 
which can be easily derived from the multiplication theorem valid for the ordinary BF 
(see [1] in equation (9.1.7(a))). 
Thus, one obtains the following result 
Jn{>^x, fxy; t) = X \^ ' — 
fc,fc'=0 A;! A;'! (^ | ) 
'4+fc+2fc' (a;, y; /^T^ (2.3.12) 
(M ^ 0, A ^ 0. t ^ 0) 
It is worth noticing that the case A = 0 is represented by equation (2.3.2(a)) that 
/i = 0 by equation (2.3.2(b)), A = 0, /x = 0 by equation (2.3.2(c)) and ^ = 0 by 
equation (2.3.2(b)). 
Integral Representation 
From equation (2.3.7) one obtains the following integral representation 
1 /•(»+) 
27ri Jnix, y; r) = ^ . j ' f " ^ exp 
1 f('-i)^IK-;? 1 dt 
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where the symbol /^° ^ denotes integration round a contour which encircle the 
region once counter clockwise. 
Prom equation (2.3.7) taking t = e"^  and r = e'^  , we get the representation 
Jn{x, y; T) = —- / exp {i[xsin(f) + y sm{9+ 2(j))-n(t)]}d(p 
ZTT J-Ti: 
Moreover in the case of imaginary parameter , one has the following representation 
Jn{x, y\ i) 
o^y 
{Siriy) 2 ^ - ! exp 8iy Jn{t)dt 
Which can be easily obtained taking into account the relation 
d? 
Jn{x, y; i) = e'y exp{2iy) — J„(x) 
For general fimction g{x) .The following result valid 
xp(t) ^ 9{x) - 7—riJ_ exp {x - sf g{s)ds, {Re t > 0) 
2.4. MODIFIED GENERALIZED BESSEL FUNCTION (M. 
G. B. F.) 
One parameter modified generalized Bessel function In{x, y; t) is defined as follows 
oo 
In{x,y;t) = Yl t' In-2i{^) Ii{y) (2.4.1) 
i=—oo 
For t = 1 ,it reduces to the modified generalized Bessel function , /„(x, y) 
In{x,y;l) = In{x,y) 
oo 
E Tn-2i{x) Ii{y) (2.4.2) 
Function In{x,y;t) reduces to the usual modified function in the following cases: 
ln(0,y;t) = . (2.4.3(a)) 
t2/n(y) ; f or n—even 
0 ; for n—odd 
ln{x,0;t) = /„(x) (2.4.3(6)) 
In addition , one has 
ln{x,y;0) = 0 
(2.4.4) 
4 (0 ,0 ;0 = <5„,o 
Here,5„,o is the kronecker symbol 
Symmetric Properties 
In{x-,y',t) has the following symmetic properties 
U{-x,y- t) = (-l)"7„(x,y; t) 
In{x,-y;t) = In(x,y;-t) = /„(x,?/ ; - -) (2.4.5) 
(2.4.6) 
In{-x,-y; t) = i-irIn{x,-y; t) = ( - l ) " / „ (x , -y ; t) 
From equations (2.4.5) and (2.4.6) , one has 
In{-x,-y; t) = (-l)"7„(x,y; t) = (-l)V_„(a:,t/; ^) 
It is worth noticing that, apart from the second of equations (2.4.5) and (2.4.6) the 
function /„(x,y;t) has the same symmetric properties as the corresponding G. B. F 
Jn{x: y; t) 
Recurrence Relations 
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/n(x, y; t) has the following recurrence relations 
2nli"'\x, y; t) = x[/„_i(a:,y;i)] + 2y t In-2{x,y;t) - - In+2{X, W, t) (2.4.7) 
Taking the partial derivative of the (2.4.1) with respect to x, y and t the following 
recurrence relations occure 
—Ir,{x,y]t) = -[In-i{x,y;c) + In+i{x,y;t)] 
Qyln{x,y;t) = -
§^In{x,y;t) = I 
tln-2ix, y; t) + -In+2ix, y, t) 
In~2ix,y;t) - -In+2{x,y;t) 
Generating Function and Associated Series 
A generating function for In{x, y; t) is 
T(x,y;r,t) = ^ ein{x,y\T) = exp 
Putting i = 1, r = 1 in equation (2.4.9) we get 
X , \ . V / 0 1 
(2.4. 
(2.4.9) 
^ In{x,y;t) = exp • ' ^ + 2 ^ ^ " ^ 
T l = —DC 
Taking the derivative with respect to t and i = 1 in equation (2.4.9), one gets 
J2 mlm{x,y\t) = Y^m[Im{x, y; t)-I--m{x, y\ t)] 
1=—oo m = l 
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Moreover considering the relations 
5 ] t^''^'l2n+i{^,y;T) = sinh X ( 1 exp 1'-^  1 ^ 2 (2.4.10) 
Y^ t "hnix, y, T) = cosh X f 1 exp K-^ -;^  
Putting i = 1 in Equation(2.4.9) the following result holds 
^ l2n+i{x,y\T) = sinh(x) exp 
^ /2„(x, J/; r) = cosh(x)exp 
Putting t = e^ * and r = e^ ^ in equation (2.4.9), We get 
y 
.2 
y 1 
T: 
.2 v 
/ , 
r + V 
/ 
r + 
1 
r 
n 
T } 
(2.4.11) 
(2.4.12) 
^2.4.13) 
^ exp{in(f)) In{x, y; e^^) = ex^p [xcos (f> + y cos{9 + 2(p)] (2.4.14) 
Putting 0 = I in Equation (2.4.10), one gets 
Y, i" In{x, y, e^ )^ = exp{~y cos^) 
n=—oo 
Putting t = e'"^  and r = e'^ in equations (2.4.10) and (2.4.11), one gets 
(2.4.15) 
£ e2'"^/2„(2:, y; e^ )^ = cosh (a; cos 0) exp [y cos{9 + 20)] (2.4.16) 
= —CXD 
^ e'('"+')^/2n+i(x,y;e'^) = sinh(xcos0) exp[ycos(^ + 20)] (2.4.17) 
n = — C X D 
oo 
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and from the substitution 0 = f, one has 
oo 
Yl {-^Thnix, y, e'% = exp(-ycos^) (2.4.18) 
n=—oo 
oo 
E (-ir/2n+i(x, y, e'') = 0 (2.4.19) 
n=—oc 
Which agree with equation (2.4.15). In addition ,one has 
oo 
E {-iTInix, y, e'^) = e x p ( - x + ycos^) (2.4.20) 
n=—oo 
While from equation 
oo 
E In{x, y; e'^) = exp(x + ycos^) (2.4.21) 
»i=—oo 
Moreover from 0 = | , in equation (2.4.16) 
f; r / 2„ (x , y; e'') = cosh f ^ x ) exp(-ysin^) (2.4.22) 
n=-oo \ '^  / 
f; e'^^-+'^U2n+iix, y- e'') = sinh f ^ x ^ exp(-ysin^) (2.4.23) 
Putting t = e'^  in equations (2.4.12) and (2.4.13) , one gets 
oo 
E hnix, y, e'^) = cosh exp(ycos^) (2.4.24) 
n=—oo 
CO 
E hn+i{x, y, e'^) = sinh exp(ycos6') (2.4.25) 
Tl = —oo 
Furthermore taking ^ = | , in equations (2.4.18) to (2.4.25) one gets 
oo 
E (-1)" hn{x, y; z) - 1 
Tl= —oo 
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E ( - i r /2„+ i (x , y;i) = 0 
Z i-ir l2n{x, y; i) = e-
2^ l2n{x, y, i) = e" 
^ i"" l2n{x,y;i) = cosh(-—xj exp(-y) 
X] ^2n{x, y; i) = cosh: 
^ /2n+i(:c, y; i) = sinh X 
Finally, one can derive the following sum rule involving squres of /„(x, y; i) 
J: Il{x,y-t) = /o 2x, y (i + - ) , 1 U G /?.: 
which has been obtained by means of the Graf formula according to the procedure 
outlined in appendix A of ref [14]. 
Multiplication Formulae 
It is worth stressing that 
Ufc (x, y- ^ ) (2.4.26) 
(A ^ 0) 
uxx, y; t) = X-Y: ^ ; ^'^ 
fc=o ' "• 
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/„(x, /iy; t) = ^ . , . ' , . ' In+2k (x, y; //i) (2.4.27) 
fc=o '^ ^ v/^ i^ 
(A, / 7^  0) 
In+k+2k' U'. y; Ai ^ j l (2.4.28) 
(/i, A, t -/ 0) 
For A = 0 , represented by in equation (2.4.3(a)) /:/ = 0 by in equation (2.4.3(b)) and 
A, /x = 0 by equation (2.4.3(c)). For i = 0 by equation (2.4.4) respectively. 
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Chapter-3 
VOIGT FUNCTIONS AND THEIR 
UNIFICATION 
3.0. INTRODUCTION 
In his 1899 memoir 'Zur Theorie der Beugung ebener inhomogener Wellen aneiriem 
geradlinig begrentzen unendlichen und absolut schwarzen Schirm', Woldeniar Voigt 
(1850-1919) introduced the functions K{x, y) and L{x, y) [99], which were susequently 
modified by others [42,50] to the current representation of the Voigt functions. 
The present chapter provides us some unifications and representations of Voigt 
functions K{x,y) and L{x,y) which play an important role in several diverse field 
of physics such as astrophysical spectroscopy, emission, absorption and transfer of 
radiation in heated atmosphere and theory of neutron reactions. We have derived 
several representations of these functions in terms of series and integrals which are 
specially useful in situations where the parameter and variables take on particular 
values. 
Furthermore, the fimction 
K(x,y)+iL{x,y) 
is except for a numerical factor, identical to the so-called 'Plasma dispersion function' 
which is tabulated by Fried and Conte [27] and Fettis et al. [25]. 
In many given physical problems, a numerical and analytical evaluation of Voigt 
functions is required. For an excellent review of vaxious mathematical properties and 
computational method concerning the Voigt functions see for example, Armstrongy 
and Nicholls [5] and John [311. 
On the other hand, it is well known that Bessel function are closely associated 
with problems possessing circular or cylindrical symmetry for example, they arise 
in the theory of electromagnetism and in the study of free vibration of a circular 
membrance [49]. 
Srivastava and Miller [87] established a link of Bessel functions with the gen-
eralized Voigt functions. A presentation of previous result and unification of Voigt 
functions K{x,y) and L{x,y) are ginen in section 3.1. In next section a set of unified 
representation of Voigt functions in terms of familiar special functions of mathemati-
cal physics is given. Some deduction from these representation are also considered in 
section 3.3, at the last section 3.4 an explicit form of Voigt functions are given. 
3.1. A NOVEL UNIFICATION OF K{x,y) AND L{x,y) 
For the purpose of the present study, if one recalls here the following representa-
tions due to Reiche [68]: 
K{x,y) = Tf-^/^y exp{-yt--t^)cos{xt)dt (3.1.1) 
and 
so that 
/•OO 1 
L(x,y) = TT-^/^y expi-yt--t')sm{xt)dt (3.1.2) 
(-0O < X < oo; y > 0) 
/•OO 1 
Kix,y) + iL{x,y) = '^'"'' j ^ exp[-{y - ix)t --t") 
= exp[{y - ix)'^\{\ - exi{y - ix)] (3.1.3) 
K{x,y) - iL{x,y) = TT-^^^ J^exp[-{y + ix)t --t^) 
= exp[{y + ixf]{l-erf(y + ix)}, (3.1,4) 
45 
where an elementary integral [29; p.307 3.32(2)] is used. Since the error function (see 
Srivastava and Kashyap [85; p.17(71)]). 
1 3 
2' 2' 
1; 7;\ ^' 2 < OO (3.1.5) 
by Kummer's transformation for the confluent hypergeometric function i^i (cf. Erdelyi 
et al. [16; p.253(7)]; see also Srivastava and Kashyap [85; p.24(7)]), substitution in 
(3.1.3) and (3.1.4) followed by separartion of real and imaginary parts will readily 
yield the corrected versions of the iFi representations for K(x,y) and L{x,y} due 
to Exton [22], as already observed by Katriel [45] and by Fettis [24]. It should be 
remarked in passing that, in view of (3.1.5), the coorected versions of Extons iFi 
representations for the Voigt functions would follow directly from (3.1.1) and (3.1.2) 
by appealing to some known integi'al formulas Erdelyi et al. [19; p.15(16)]; p.74(27)]; 
see also Gradshteyn and Ryzhik [29; p.480 3.897(1) and (2)]. 
For the Bessel functionJ^(2) defined by[please see (1.5.2) and (1.5.3)]: 
_ - M r ( z / 2 ) ^ 
^^^ ~ „t'o '^r(^ . + m + i)- (3.1.6) 
the series (3.1.6) converges for all x. 
In particular, 
J_i/2(z) = J—cosz and Ji/2{z) = \l~smz (3.1.7) 
Srivastava and Miller [87] introduced and studied a unification (and generaliza-
tion) of the Voigt functions K{x,y) and L(x,y) in the form 
/ 1 \ 1/2 /-OO 1 
V,A^,y) = (2^) I eexp{-yt--t')Mxt) dt. (3.1.8) 
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so that 
(x,y G i?+; Re(/i + z/) > - i ; 
K{x,y) = 1^1/2,-1/2(a;,y) and L{x,y) = V^/2,i/2{x,y), (3.1.9) 
Making use of the series representation of Bessel function J^{z) and expanding the ex-
ponential function exp(-y^), integrating the resluting (absolutely convergent) double 
series term-by-term, and thus obtain [87; p.113(10)] 
v,Ax,y) = 2'^ -vv+V2 ^ {-x''r{-2yr 
^ p m ! n! r(i/ + m + 1) n {lJ, + iy + 2m + n+ I] 
(x,yGi?+; Re(/i-f-z/) > - 1 ) . (3.1.10) 
Now separate then n-series into its even and odd terms in doing so find that 
another result of Srivastava and Miller [87; p,113(11)] 
2ti-i/2^u+l/2 
V,^,u{x,y) = —=r-. rr—-ir 
-2yr -( / i + z^  + 2) 
-ifi + u + l) * 5 -in + u + l); J^ + l,-, -x\y^ 
* 9 
1 3 
-{^J, + u + 2)•, i' + l , - ; -x^,y^ (3.1.11) 
(x,y G i?+; Re(^ + z^ ) > -1) 
where ^o denotes one of the Humbert's confluent hypergeometric functions of two 
variables, defined by equation (1.3.9). 
For /i = —J/ = I equation (3.1.11) evidently reduces to the known representation 
Exton [22; p.L76(8)] 
K{x,y) = ^2 1 1 1 _ 2 2 2 ' 2 ' 2 ' ' ^ ' ^ . (2y/v^)*2 
1 -I- "^  2 2 
^ = 2 ' 2 ' - ^ ' ^ 
(3.1.12) 
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while the special case // = j / = i of equation (3.1.11) yields the following corrected 
version of another result due to Exton [22; p.L76(9)]: 
r3 3 3 L{x,y) = (2x/v^)^2 1 " •'• 2 2 2 2 ; T / * 2 1 ' (-> ' O ' -^ -iV L 2 ' 2 ' 2 ' (3.1.13) 
In terms of Meijer's G-function (cf. Srivastava and Manocha [86; p.45(1) 
J^{xt) = \xt\G];l {xH-" 
0, 
' 
—u 
(3.1.14) 
1,0 
exp(-yt) = G'ol yt 
0 
TT 
-y^Gi 2,0 \y't' 
' 
0,1 _ 
(3.1.15) 
where a well-known duplication formula for the G-function (Srivastava and Manocha 
[86; p.47(8) with N = 2]) is employed. Substituting from (3.1.2) and (3.1.15) into 
(3.1.8) then 
1 X 1^+1/2 
^ 0 , : 
1,0 
2 4 
0, 
" 
—u 
^ 2 , 0 
<-^0,2 \y't' 
0-1 . 
dt. (3.1.16) 
Setting t = 2 y ^ in (3.1.16) and evaluating the resulting integral as G-function of 
two variables by appealing to the Mellin-Barnes contour integral representing each of 
the G-functions involved (cf. Srivastava and Kashyap [85; p.37(1); see also Srivastava 
et.al [82; p.7(1.2.3) et seq.]), thus obtain a representation [87; p.114(18)] 
V,A-,y) = 2 ' ^ - V 2 , - V 2 ^ . ^ 1 / 2 G ; ; - ; 0 ; J 0 rr' Ui-f^-t^)-
•.0,-u;0,l 2 J 
(3.1.17) 
{x,yE i?+; Re(/i + t/) > -1 ) . 
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where a reasonably contracted notation for the multivariable G-function due to essen-
tially to Srivastava and Joshi [83]; (see also Srivastava and Panda [88; p.267(1.11)]) 
is employed. 
For /x = —1/ = I and // = z/ = | , equation (3.1.15) readily yields the representa-
tions (cf. Haubold and John [31; p.481]. 
Kix,y) = 7r-V2G?J:iS;° 
L{x,y) = 7r-V2G?g;g;0 
X 
X 
1 
2 
1 
2 
: 0 , i 
••ho 
. 
;04 
_ 
;0,i_ 
3.1.18) 
(3.1.19) 
Rewriting each of the G-functions occuring in (3.1.18) and (3.1.19) as an H-
function of two variables (Srivastava et al. [82; p.82(6.1.1)] et seq.), in the form 
Kix,y) = n-^/'H?i:^SS (5 ; i . i ) ( i l ) , ( 0 . 1 ) ; (0 , l ) , ( i , l ) 
(3.1.20) 
r / % -1 /2 rr0,hl,0;2,0 
L{x,y) = TT ' /fi,0:0,2;0,2 
X (i;i,i) 
: ( i l ) , ( 0 , l ) ; ( 0 , l ) , ( i l ) , (3.1.21) 
which are essentially the corrected versions of the corresponding representations given 
by Buschman[8; p.25(3.1) and (3.2)]. In fact, as pointed out by Buschman [8; p.25(3.4)], 
the i^-function representations (3.1.20) and (3.1.21) for the Voigt functions K{x,y) 
and L{x, y) are analytic in both varibales x and y provided that 
I arg(x) I + I arg(y) |< -TT 
The G-function representation (3.1.17) can be rewritten, in a strength forward 
manner, as an /f-function representation for the generalized Voigt function V ,^i.(x, y), 
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and thus Srivastava and Miller [87; p. 115(24)] gives a unification (and generalization) 
of the //"-function representations (3.1.20) and (3.1.21). 
V,Ax,y) = 2'^-VV-^/^x^+^/^//SS 
y 
(0,l)(-i^,l) ; (0 , l ) , ( i 1) , Re{/j,-i-i'} > - 1 , (3.1.22) 
in which the variable x and y are constrained, as also in (3.1.20) and (3.1.21). 
It may be of interest to observe here that the vast literature on the G and H-
functions of two variables (see Srivastava et al. [82]) can be appropriately used in 
order to derive many needed properties of the unified Voigt function V^,^^{x,y) and, 
in particular, of the Voigt functions K{x,y) and L{x,y). 
We now discuss some unified representations of the Voigt functions 
From the view point of integral operators the relations (3.1.1) and (3.1.2) can be 
regarded as special integral transforms of Mellin's type 
/•CO 
M[/(i),/i] = / e-'f{t)dt. 
Thus Klusch [47] introduced the generalized Voigt functions of the first kind, and 
of the form 
/•OO 
K^{x,y,z] = TT-^'^ t^-'^exp{-yt-zf} COSxtdt, (3.1.23) 
/•OO 
Lf,[x,y,z] = TT'^''^ t^~^exp{-yt-zt'^} sinxt dt, 
J U 
i^,y,ze.R-^; xeR) 
(3.1.24) 
so that 
K{x,y) = Ki{x,y,-), L{x,y) = L i (x ,y , - ) . (3.1.25) 
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Further the Bessel function J„{z) of the first kind of order u is the defining 
oscillatory kernel of Hankel's integral transform 
/•oo 
{Hj){x) = / mMxt) 
Jo 
dt. 
In view of these facts Klusch [47] now defined the generalized (or unified) Voigt 
function of second kind of the Hankel transform 
( 2 ; \ l / 2 /-OO - j J^ t^ exp{-yt - zt^JMxt) dt, (3.1.26) 
{x,y,z G i?+; Re{fi + i/) > - 1 ) , so that (cf. equation (3.1.23) and (3.1.24)) 
^^i-l/2[x,y,z] = K^_^_i[x,y,z], ^^,,l/2[x,y,z] = L^^i[x,y,z] (3.1.27) 
and (cf. equations (3.1.1) and (3.1.2)) 
K{x,y) = ni/2-i/2[x,y,-], L{x,y) = fii/2,i/2[3:,?/,-]. (3.1.28) 
In the integrand of (3.1.26) now introduce Meijer's generalized hypergeometric 
G-function of one variable (cf. Mathai and Saxena [53]). One has 
exp{-yt} = GQ\I - ^1 .0 yt 1 /2^2 ,0 ^ <^0,2 l , .2+2 4 ' \y't' 
{0,1: 
Mxt) = ilxtYG'oi Wt" 
(0, -u) 
) (3.1.29) 
The resulting integral (3.1.26) becomes by substituting t = [u/z) 1/2 
l^,,[x,y,z] = 1^-/2 ( | ) ' " '%-V2( ' - -^ )y[°°a( -+- -^)exp{- i} 
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X G 1,0 0,2 Az 
(0 , -ly) 
r'l.O 
^0,2 ^ t 
(o,i) 
dt (3.1.30) 
By means of the methods of Haubold and John [31] and Srivastava and Miller [87] 
it is easy to obtain an evaluation of (3.1.30) in terms of the multivariable G-function 
(cf. Srivastava and Kashyap [85] et al. '82]). Klusch get a result [47; p.234(25)] 
u+i 
O \r 7/ z\ - '^  (-\ ' 2-l/2(,x+^-l)^0,l: l ,0;2,0 
iV .^F 'y ' - ^ J ~ 2 /TT V 2 / ^l,0;0,2:0,2 
iz 
[l- H- u) 
0,-^;0 i 
(3.1.31) 
{x,y e R+; Re{ij, + u) > -I] 
where the contracted notation of the G'-function is essentially due to Srivastava and 
Joshi [83]. 
The G-function representation (3.1.31) can be rewritten as a //-function repre-
sentation (cf. Srivastava et al. [83]). Hence Klusch get a another result [47; p.234(26)] 
^A^^y^A = 
I /'T-N"-!-^ ( X -l/•2(,^l~l'+l) 
rrO,l:l,0;2,0 
•"1,0:0,2;0,2 
4z 
yl 
2 0 r V2, 
( i - | / i - | ^ ; l , l ) : 
•- 4z : (0 , l ) ( - i / , l ) ; ( 0 , l ) ( i l ) 
{x,y,z G R'^; Re{fi + u) > -1) 
(3.1.32) 
The relation (3.1.31) and (3.1.32) are in fact unification (and generalizations) 
of the G- and //-function representations established for the function Vt^^i,[x,y, |] = 
VfiA^>y] by Srivastava and Miller [87]. For z = \, /j, = -v = r, and ^i ^ u = 
\, equations (3.1.31) and (3.1.32) reduce to the representations defined (3.1.18) to 
(3.1.21). 
52 
Again the similar representations of unified Voigt functions, denoted by i^^,^[x, y, z\ 
are given by Klusch [47] and Srivastava et.al [91]: 
^t^A^,y,z] 
and 
_ z-'^^^^^^'h^^'^ ^ {-if (£) {l^i + iy + 2m + n+ I] 
(3.1.33) 
^uu\^, V, z] = — 5 < r -(n + u+ 1) ^2 -(// + 1/+1); Z/+1, ~; -—, f 
Vz ~{fi + i^ + 2) fp2 
1 / ^x . 3 — . 7 - ji~ 
(3.1.34) 
respectively. 
Equation (3.1.33) and (3.1.34) can be obtained from the results (3.1.11) with the 
help of relation [91; p.51] 
n,A^,y,z\ = i^V~zr'-'^X,u (^^^, ^ (3.1.35) 
Taking into account the integral representation and explicit expression of unified 
(generalized) Voigt functions, we are presenting here some new representations of 
Voigt functions, in terms of Laguerre and Hermite polynomials. Some expansions 
follow from these representations of our results. 
3.2. REPRSENTATIONS OF V^,^{x,y) 
Kamarujjama and Singh [43], started with a known result [67; p.201(2)j 
e'{xty''/'^J^{2V^t) = f^ LH(.T)r 
^,r{n + u + iy (3.2.1) 
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where L^") denotes Laguerre polynomial of order u [67; p.200]. 
Now replacing 2-\/i by t and x by x^, respectively multiply both the sides by 
t'*"'"''exp i—yt — I j and integrating with respect to t between the limits 0 and oo, one 
gets 
Vi,,t,{x,y) E i^K^) 
^oT{n + p + l) 
1 2 l ^ f t — e x p ( - , . - ^ . ^ ) . , 
(3,2.2) 
where the integral representation (3.1.8) is applied. 
Expand the exponential function exp(—j/^) in terms of series and integrate 
.„,.(.,,). £::!^£,,,m£!L_f(-v^«)-
xr 
2 ^^V{n-\-u + l) 
1/ 
-(/ i + i/ + 2n + m + 1) 
m=0 m! 
(3.2.3) 
Separating the m-series into its even and odd terms, one gets 
V ixv) = x^+^Z^ 2 * ^ ^ Y ^"'^^^'^ 
1 y ' 
- ( / . + r. + l) + n ; - ; 2 V2yr 
(I.L + V+ 1) + n 
-(Ai + // + 2) + ri 
1 / „x 3 V' 
- ( , , + . + 2) + n ; - ; | 
(Re(^ + i/) > - 1 ; X, y G i?+). (3.2.4) 
For /i = —1/ = - , equation (3.2.4) yields the representation of K{x,y) 
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1 oo r ( - l / 2 ) ( 2\ ( , 1 
n 
1.1 M! 
2' 2' 2 
v/2yr(n + l ) iF i 
" + ' ' 2 ' y (3.2.5) 
^ i:J'^.^>^^!Jrfn+i).F, 
- 7 2 2 / r ( n + l ) iF i 
n + 
1 1JT 
2 ' 2 ' T 
n + 1 
2' 2 
(3.2.6) 
1 
while // = ! / = - , equation (3.2.4) reduces to the representation of L(:c, ?/): 
Li 
2 ; ^ o r ( n + | ) 2^  
. 1 y 
n + 1 ; - , — 
2 2 
3 3 y^ 
' ' ^ 2 ' 2 ' 2 (3.2.7) 
if;Jzl)!^-(4,^r(n.i).F. 
2 ; i^o23"+ in ! r (n+f ) n + 1; 2' 2 
- v ^ y r ( ^ n + - j iFi 3 3 2/2 (3.2.8) 
where Hn{x) denotes the Hermite polynomials (see [67; p. 187]) and the relations 
are used to get equation (3.2.6) and (3.2.8) respectively. 
With the help of relation (3.1.35), the following expression for Q^^^{x,y,z) can 
be obtained from the results (3.2.3) and (3.2.4) respectively. 
00 
Q \x V z\ = - - V ^^^^ 
2\{^.+3v+4) ^^ Y{n + u+ 1) 2" 
CO f^ \'" 
;(/x + z/+ 1 + 2n + m) (3.2.9) 
-{/i+i'+l)/2 ™i/-i-l/2 oo X '^^ M — 
2(M+3<^+4)/2 Z_. r ( n + Z^  + 1 ) 2" r [2 r (/,i + z/+ 1) + n 
li^i - ( / . + . + l) + n ; - ; - 2/ 
22 
;(// + z^  + 2) + n 
•l i^i - ( , + . + 2) + n ; - ; | - (3.2.10) 
For 1/ = T l / 2 , equation (3.2.10) reduces to the following results: 
IF l 
and 
2 + 4 + " ' 2 ' 8 ^ . v/2z 
u 3 
2 + 4 + " i F i 
/^  3 3 y-
2 + 4 + " ' 2 ' 8 ^ (3.2.11; 
Z-(f+ f) - (-l)"/f2.+ l [^) 
i..i/2[x,y,.] = j ^ ^ E 23n.i „, r(n + 3^2) i ^ I f + ^ + " 
;u 3 
li^i 2 + 4 + " ' 2 ' 8 ^ - + - +n 2 4 . i F i 
M , 5 3 j/2 
2 + i + " ' 2 ' 8 ^ 
(3.2.12) 
respectively. 
For /i = 1/2 and z = 1/4, equation (3.2.11) and (3.2.12) reduce to the results 
(3.2.6) and (3.2.8) respectively. 
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3.3. EXPANSIONS 
By means of the representation (3.1.34) of the generahzed Voigt function, we can 
expand the left member of equation (3.2.10) in terms of sum of the series, we get 
r(c) ^2 , 1 -x2 y2 - ^ r ( c 4 ) , . 1 , 3 -X-' y' c + - ; i^+ 1, - ; . — 
= 2-^ = E T, ^ T ^ r(c + n)iFi 1 y2 ^ r fc + n + i 
2^z 
1 3 2/2 
^ + " + 2 ' 2 ' 8 ^ ,3-3.1) 
(Re(c) > 0, Re(z) > 0, x,y e i?^), where c = -(/x + z^  + 1). 
Now replacing y by zy (z = v—T) in equation (3.3.1) and equating real and 
imaginary parts, and then adjusting the variables, one gets 
^ 2 c;i^ + l , - ; - a ; , - y 
• 1 - y 
^ + " ' 2 ' T ^3.3.2) 
For y = 0, equation (3.3.2) reduces to a result 
iFi[c;i.+ l ; - x ] = 2 - ' = X ; {c)n L^:\x) 
to (1 + )^n 2" ' 
which can be obtained immediately from a well known result [67; p.202(3)] 
;3.3.3) 
(1 - tr\F, c;i/ + l; —xt 1-ti 
- (c)„L(r)(x) (3.3.4) 
by taking t = ^• 
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Chavter-4 
HYPER-BESSEL FUNCTION AND 
GENERALIZED VOIGT FUNCTIONS 
4.0. INTRODUCTION 
Recently Kamarujjama et al.[42],extended the previous work (for examples Exton 
[22], Katriel [45], Fettis [24], Srivastava and Miller [87] and Klusch [47] etc.), this 
chapter aims at presenting a set of new results on generalization (unification) of Voigt 
functions. 
Taking into account the integral representations (3.1.8) and (3.1.26), the cor-
rected version of Siddiqui's [72] formula will be presented in section (4.1), which was 
corrected by srivastava et al.[91]. In Section 4.2 some new integrals involving Hyper-
Bessel function. In fact, in this section we obtain a multiindices representations of 
unified Voigt functions, denoted by V^^t,^^...^^^{x,y) in Srivastava and Miller notation 
and Q^^^^^...^c^[x,y,z] in Klusch notation. Obvously second is more general to first. 
In Section 4.3 a set of multiple series expansions (or generating functions) of the 
generalized (or unified) Voigt functions are also established by means of generating 
functions of Hyper-Bessel functions. 
4 . 1 . R E P R E S E N T A T I O N O F n!^^^^^[x,y, z] 
Pathak [59], defined and generalized Bessel function as follows: 
'^'''^'^ ^ Son^ + m + inu + X + i,m+iy ^^-^^^ 
{^>0,\z\ <oo), 
obviously, 
JlM = Mz) (4.1.2) 
Srivastava and Chen[79], recalled here Siddiqui's definition (cf.[72;p.265,equation(8)); 
see also [73;p.2 equation(6)]) in the corrected form: 
/ I \ l / 2 /-oo 2 
K.,x{^,y) = [2^) I t'^exp{~yt--t')J!:jxt)dt, (4.1.3) 
(x, y, ^ G i?+; ^{rj + i/ + 2A) > -1) 
which when compared with the Srivastava-Miller definition(3.1.8)yield the relation-
ship: 
^i,.,o(2^,?/) = KA^,y) (4.1.4) 
where use is made of the reduction formula(4.1.2).As a matter of fact, in view of tlie 
H- function representations for the generalized Voigt functions 
V^,^ix, y) and ft'^^^,,{x,y) (4.1.5) 
The main object of the present discussion is to futher investigate the generalized Voigt 
functions Q'^^^{x,y) definend by (4.1.3) in its slightly modified form: 
/ I \ ^^'^ f°° 
f^!;,.,A[a;.?/,2] = (2"^] I t'^exp{-yt-zt')J!:^^{xt)dt, (4.1.6) 
(x, y, z, ne -R+; R{r] + u + 2X) > -1) 
Srivastava et al. [91],remarked about the derivation of Klusch's results[47] by means 
of the relationship(3.1.33), since [cf(4.1.4) and (4.1.6)] 
KuA^^y) = {2V~zr^-^ n^,,.,, [2xyG, 2yyG, z\ . (4.1.7) 
KuA^^y^A = i2A~zr^-'^ fi,^. ( ^ , ^ ) . (4.1.8) 
The various explicit representations for the generalized Voigt function Q'^^;^[x,y,z] 
can be deduced, by appropriately changing the variables involved, from those given al-
ready for Q,'^^^A^.,y) by Siddiqui[72],Siddiqui and Uppal[73], Srivastava and Chen[79]. 
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Nevertheless, for a direct derivation of these results, Srivastava at el.[91],first made 
vise of the series representation (4.1.1), expanded the exponential function exp(-yt) in 
(4.1.6) and itegrated the resulting (absolutely convergent) double series term-by-term, 
and hence Srivastava obtained: 
n':: 
-i(r,+i/+2A+l) (i/+2A+i 
V,u,\[^'y'^\ 
E 
2(£/+2A+f) 
2 \ TTl / 2 \ 71 
-fe) (fe) 
~{r] + u + 2X + 2m + n + I] 
^ 0 n!r(A + m + l)r(A + iy + ^im + l) 
{x, y, z, fi e i?+; 5R(r? + u + 2A) > 
(4.1.9) 
-i: 
Now separating the n-series into its even and odd terms (see.Srivastava and Maii()cha[86 
; p.200, equations. 1(1)] ), Srivastava at el. [91], obtained: 
2-i(r;+iv+2A+l) ^(iv+2A+^) 
^V^-^A^' 2/. ^ ] - 2(''+2A+|) 
r[7:(?7 + i^  + 2A + l)] 2^ .1 
^2' 
o \ 771 
4c 
^ 0 n! (|)„ r(A + m + 1) r(A + i/ + ^mi + i; 
Vz 
( i ^ + ii , + A + i ) 
m+n 
4^ 
-(77 + ^ + 2A + 2)J ^ E ^ „ , ( | ) ^ r ( A + m + l ) r ( t . + A + ,.rr. + l) 
(4,1,10) 
{x,y,z,ne R-^; n{T] + iy + 2X) > - I j 
where as usual, {a)n = ^^"M^ 
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Setting /i = 1 and A = 0, and then replacing 77 by /i , Equations(4.1.9) and 
(4.1.10) would reduce to the expUcit expressions of the generalized Voigt function 
Q^^i,[x,y,z], given by Klusch[47]; [see also Equations (3.1.33) and (3.1.34)] 
By setting 2 = | equation (4.1.9) evidently reduces to the known representation 
(cf. Siddiqui[72; p. 265 , equation (10)]): 
fi^,,,,(:r, y) = 2 r j - i ^.i/+2A+i 2 X 
E i-xT i-2yr ;;lo [n\T{X + m+ l)r(A + u + iim + 1) -{•q + u + 2X + 2m. + n -^ l] 
4.1.111 
{x,y,ij.e i?+; R{ri + iy + 2X) > -I] 
Next in terms of Fox's //-function , Srivastava at el.[91],expressed the generalized 
Bessel function J!^^x{xt) as 
J'xi^t) 
1 \ u+2\ 
\xH' 4 
(0,1) 1 
(0,l),(-A,l),(-z/-A,/z) J 
(4.1.12) 
in e i?+) 
and the exponential function exp{—yt) as: 
exp(-yO = ^o,T - H-i-o yt 
(0,1) 
"7=-"0,2 iy i^-^  
(0,1), (1,1) 
(4.1.13) 
After substituting the //"-function representations (4.1.12) and (4.1.13) into the defi-
nation (4.1.6) they obtained (cf.Srivastava and Chen[79; p.70 , equation(39)]) 
1 / I \ ' '+2^+^ /-oo K^Ax, y^A = ^ (2^) I t^^""^'' exp(-z^^ 
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r r l . l 
•"1,3 hxH^ 
(0,1) 
(0,l),(-A,l),(-i.-A,/x) J 
H, 2,0 0,2 b't' 
(0,1), (^,i: 
dt 
(4.1.14) 
provided that the integral converges. 
Setting t = J J in (4.1.14) and evahuuing the resulting integral as an //-function 
of two variables by appealing to the Millin-Baruers contour integral representing each 
of the //-functions involved (see Srivastava ct al. [82;p.3, equation (1.1.4);p. 82, 
equation(6.1.1) et seq.]), they obtained the //-function representation: 
^•^A^^ y^ ^ ] 
2 ^ : 7-:--2A-t-l) ^{u+2\+k) 
- 2(i/-h2A-Hi) \ " ^ 
0,1;1,1;2,0 
-"1,0:1,3;0,2 
X 
42 
L ,42 
( 5 - h - ^ ^ - ^ ; l . l ) - iO.l);. (4.1.15) 
:(0,1), (-A.1). {-u-X,^iy, (0,1), ( i , l ) 
(.r. y, z, ^ e R^; ^{r]+L^+2\) > -1) , 
Which can be deduced directly from the known result Srivastava and Chen [79 ; p. 
234 , equation(40)],by applying the reIation.ship(4.1.8) 
It is not difficult to observe that, in its special case when A = /i — 1 = 0, (4.1.15) 
corresponds to a result of Klusch[47; p.234. oquation(26)] whicii in turn , would follow 
also from the Srivastava-miller result [87; p. 115, equation(24)] by making use of the 
relationship(3.1.35). 
4.2. REPRESENTATION OF n^,^,,..,^„[a;,y, ;s] 
For the sake of convenience, a few conwntions and notations of nmltiindices are 
recalled here [7; p.3]. 
Let (i/)= (i/i, •••,Un) e R"" and (k)= (^'i, • • •, kn) G N^^ (n factors) where A-^  e 
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NQ — N\J {0}, J = {1,2, • • •, n}. One has the following abbreviations: 
(Hfc) = (l^l)fci---(^nk, 
(TH) = r(^i)---rK), 
Ace = Xxi,-- • ,Xxn, XeR, X e R" 
X+1 = Aj + 1, A2 + 1 • • •, A„ + 1 (n-parameteis). 
In view of Integral (3.1.8), (3.1.26) and definition (1.5.13) Kamaruljjama ct al. 
[42] introduced (and studyied) a further generalization of unified Voigt functions in 
the following form: 
^^i,{y)[x,y,z] = n^^^,...^^„[x,y,z] = ( — j ] Jo ^^^^P("y^ ~ zt^)J(^)ixt) di, 
(4.2.1) 
(Re(^ + E^'i)) > - 1 ; fj',x,y,z e /?+), 
where (v) = (ui,-• • ,Un) E R" said J[v){z) = Jt/j.....t-n(2 )^ denotes the Hyper-Bessel 
functions of order n, defined by (1.5.13) 
so that 
where (v) = (Ti) = ( 4 4 - • • . T i ) e i i " . 
For z — -, integral (4.2.1) is defined as 
(4.2.2) 
X \ 2 
J(v)(xi^)| dt 
f'expi-yt- --r 
0 \ 4 
(4.2.3) 
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so that 
(4.2.4) 
and 
It is not difficult to observe that when n = 1 
K^+R[x,y,z] = K^^[x,y,z] 
L^+^[x,y,z] = L^^Ax,y,z] 
4.2.5; 
(4.2.6) 
(4.2. 
and 
Ki^Jx,y] = K[x,y], Li^Jx,y] = L[x,y]. (4.2.8) 
Making use of the definition (1.5.13) of Hyper-Bessel functions and expanding 
the exponential function in (4.2.1), one can integrate the resulting double series term-
by-term, and one thus obtains 
-(,.+ £ i/j + l)/2 
^n,{^)[x,y,z] = X \ t + E - . 
n+ 1 
.ko A;!m!(r(v + k + l ) ) H + ^i/j + {n + l)k + m + I j=i 
> (4.2.9) 
where (Re(// + E^^) > " 1 ; fJ',x,y,z G R^, (v) e -R" fcG A^ o"-
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Now seperating the m-series into its even and odd terms, one get.' 
n 
-(/i+x;''i+i)/2 
^M,(v)[2;,?/,2] = 
: J = l 
n + \ t o ^'(r(v + k + i)) 
\ (M + E ^ i + (" + i)^ + i 
M + 52 i^ + ("+1)^ + 2 
- U + ^ i / , - + (n-f !)/.•+ 1 ;-; 
i = l 
1 /y^ 
2 4z 
l U | : - , + ("+m- + 2 ; | | ! 
(4.2.10) 
(Re(/x + E i^ j) > - 1 ; M, a;,y, 2 G /?+, (V)G i?" and (fc)= (fc, • • •, A;) e A'7/). 
where iFi denotes the confluent Hypergeometric function, defined by equation (1.2.4). 
For [u) = [ — ^  and ( i / ) = Q j , equation (4.2.9) and (4.2.10) reduce to multidimen-
sional presentation of generalized Voigt functions K^[x,y,z] and L^[x,y,z\ of Klusch 
[47] in the following form (cf. equation (3.1.27)) 
_C. ,_ l i_ l . l \ /0 n^ <—(-, ^, ^ I ! 
o 
k,m=Q ' " • ••"•K'- V " I 2 ' '"'^ ^^ 1"'^ '^ ^ = 2 .?_. fc!m!(r(k+i)) 
- (/i - ^ + (n + 1)A; + m + 1 (4,2,11) 
- ( / i -§+ l ) /2 oo 
E ((n+T)V5j 
n + 1 
2 ,t^ o A;! (r(k + I)) 
^ ( / ^ - ^ + (« + l)fc + l 1 y^  K^-^^"-^^^'^^J'2^iI 
-^^[K^-i^("+^)^^^)]^^4K^-^("^^)^^^^)^^^!^]} 
.2.12) 
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and 
Lfji+%[x,y,z] = 
^-ifi-h^+l)/2 / x \ " ^ 
n + l j .±1 fc,m=0 A;!m!(r(k+|)) 
- f/i + ^ + (n + 1)A; + m + 1 (4.2.13) 
fc=0 A;!(r(k+|)) 
(/x + ^ + (71+ l)/c + l)] iFi ^ (;. + ^ + (n + l)k +l)\l--j; 
-TAlhh^"^'^'^')]''4('^-2^^"^'^''-')44i 
.2.141 
respectively, where fi,x,y,z e R^, (fc)= {k,--- ,k) e N^. 
For n = 1, equations (4.2.12) and (4.2.14) give the representations of A'^ ^i [x, y, 
and L^^i[x,y,z] as follows: 
^a+i[^'^'^] = 
, - ( , i+ i ) /2 oo 
E (-fi)' 2 ,t^ofc!r(fc + | ) 
X i F i 
K''-^*^)^^^^ 
1 / , 1 
1 / . , 3 
2 (M + 2A; + 3\ 3 y^  2 ; ' 2' 4z 
and 
(4.2.15) 
V i [ x , y , z ] 
^.^-(^+§)/2~ ( - g ) 
4 ,t^ o A;! r(A; + f) 
1 / 3 
5(^+2* + -
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1^1 
1 / r., 3 \ 1 y2 
•fi V 
§("-^2^+5 
-MK^^-^D^ig} (4.2.16) 
Equations (4.2.15) and (4.2.16) reduce to known representations of Klusch [47]. 
However, equations (4.2.9) and (4.2.10) reduce to known results Srivastava et al. [91], 
for {y)= u e R^. 
For z = -, equation (4.2.9) gives the series representations of integral (4.2.3), 
denoted by V^^^^^...,^„{x,y) = V;,(v)(x,y). 
n+ 1 
mn^'i-^yy 
- /i + X] i/j + (n + l)/c + m + 1 (4.2.17) 
= 2 ^=' 
\n+2j 
n+l k 
; m J '"' ,t^ ,A;!(r(v + k + l)) 
^ + ^Uj + {n + l)k + l 
i = i 
- 2 y r ^ + ^iyj + {n+l)k + 2 
i = i 
/^  + E ^ j + ('^  + i)^ + iho 'y^ 
i = i 
^ (/x + Ei^,- + (n + l)fc + 2J;^;y^ 
(4.2. 
(/z, x,y G i?+, (v)= (z/i, • • •, i^ n) e ^" , Re(// + E i^ )^ > - 1 -
For (i>')= i^  G R^, equation (4.2.18) reduces to known representations of Srivas-
tava and Miller [87]. 
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When f2= -and (u)^(zf--] equation (4.2.18) gives tlie multiindices represen-
tation of Voigt functions K{x,y) and L{x,y), respectively, denoted by [cf. Equation 
(4.2.4)] 
^, fc!(r(k + |)) 
1 / 3 n 
2 \2 
+ in+ l)k 
1 / 3 n 
2 V2 2 
1 / 5 n 
L2 V2 ~ 2 
(n+l)fc);-; 
( M + (n + i)*);|.^ ]} 
-2yr 1 / 5 n , 2 ( 2 - 2 + ' " + ' ) * 
(4.2.19) 
and 
1 I n / X !,,.(.,,) = 2.^ , (-^Jg 
f / 2x \ n+l 
iF, 2 ( 2 + 2 + ( " + ! ) * ) ; 2 ; ! / ' 
1 / 5 n 
,^0 A: ! ( r (k+ | ) ) 
-2yr 
r [2 (2 + 5 + (" + i)* 
2 ( 2 + 2 - ^ ( " - ^ ' ) ' 
i i ^ i [ ^ ( ^ + ^ + ( n + l ) A : ) ; ^ ; / ] } (4,2.20) 
(x,yGii:+, (fc)-(A;,---,fc)GiVo") 
For n = 1, equation (4.2.19) and (4.2.20) reduce to known results (3.1.12) and 
(3.1.13) of Exton [22]. 
Thus Kamarujjama et al.[42] obtained integral representations of generalized 
Voigt functions of first kind in the following form [cf.equation (4.2.2)] 
K^^. [x, y, z] = (n)--/' j ^ f^ "^  exp(-yi - z^) oF„ _; ( ^ ) 
- ' V 2 ; ' Vn + 1 
xt n + l dt 
, / vT \ r°° 
L,+n[x,y,z] = ( 7 r ) - " / 2 ( ^ ^ t>^^, exp{-yt-zt') oF 
(4.1.21) 
xt ^"+1 
n + l 
(4.2.22) 
dt 
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ifx,y,zeR+, xeR), 
From equations (4.2.21) and (4.2.22) we obtain a unified representation of tlie 
'plasma dispersion function': 
/•oo 
K^+^[x,y,z]±iL^+^[x,y,z] = (Tr)-"/^ / exp{-yt - zf) { f ' - t 
J (J 
Qpn 
fl\ ( Xt \ " + l l , / 2X \ " „ , „ ^ 
' V 2 ; ' Vn + 1 
xt n-^l (It. 
4.2.23) 
{n,y,zeR+, xeR), 
For 2 = - , /i = - , the above equations (4.2.21), (4.2.22) and (4.2.23) reduce to 
the following representations 
A'i+n[x,y] = (7r)-"/2 / 0-'iexp(-yt--tn „F„ 1 . 
- ' \ 2 / ' 
xt 
n+ 1 
• + i 
r/t 
(4.2.24) 
L,,.\x,y] = (-)-/^  (;^)"r ^^ '^  ^ P^ h' - 'f) '''-
-'\2r 
xt n+r 
n + 1, 
(4.2.251 
d 
and 
/"°° 1 n r 1 
oFn 
xt 
n + l 
n+l 
, 2X \ " l , n ^ 
n + l / ' V 2 y ' Vn + l 
i"t n~V dt, 
4.2.26) 
{yeR-^, xeR and (a) = (a, a • • •, a) G i?" 
Furthermore, one has 
cos 2 = 0^1 
1 _z^ 
- ' 2 ' 4 
, sinz = 0-^ 1 
- ' 2 ' 4 
(4.2.27) 
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In view of the equation (4.2.27) they [42], obtained a set of known representations 
of Reiche [68], see also Srivastava and Miller [87] corresponding to equations (4.2.24), 
(4.2.25) and (4.2.26) for n = 1. 
4.3. EXPANSIONS AND GENERATING FUNCTIONS 
Further Kamarujjam et al.[42] investigated that Hyper-Bessel function can be 
defined by means of generating function 
X 1 
I I — \ I / ' " ! . . . 1, 
''n " ^ " ' l , • • , " i n ' exp[^—{Ui+U2 + ---+Un--^ )] = V < ' • • • < ' " J „ , , . . , „ , J x ) 
"•+^ U{Uj) m:,-,m„=0 
oo 
= E «r----r^(m)(x), (4.3.1) 
m=—oc 
( m ) = mi • • •, rUn) G A o^'' {^ ^ R and each u; y^  0 for z = 1, 2, • • •, ri) 
where JTni,-,mn{x) = J(m){^) represents Hyper-Bessel functions of order m defined by 
(1.5.13) (Deleure [14]). 
Now replacing x by xt in equation (4.3.1), multiplying both sides by t^ exp{-yt -
zt^) using integral transform [2; p.313(13)] and integral (4.2.1), and now integiating 
with respect to t between the hmits 0 and oo, thus obtained 
( ^ ) / t ' ' e x p { - ( t / - ^ ( u i + --- + «„ - -^^ ))t-zt-}dt 
\n + lJ Jo n + 1 Y\{u,) 
j=\ 
oo 
= E <^•••<'•f^M.(m)[x,y,^], (4.3.2) 
m=—oo 
X 1 
^ ^ n + 1 Yluj 
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where l^^,(m)[2:,y,z] = ^^,rm,-,m„[x,y,z] is defined by the integral (4.2.1) 
With the help of integral transform [19; p.313(13)] 
(Re(a) > 0, Re(s) > 0), 
The left hand side of (4.3.2) can be obtained easily 
(4.3.3) 
X 
n+ 1 
n / 2 
(2^)-(M+i)/2r(^ + 1) exp 
/ 
X 
y-
n+ 1 
Ui-\ +Un 
1 /Sz 
D. (MT-1) V-
n + 1 
t i l H \-Un 
\ 
1 
j=\ 1 
> ( 2 2 ) - ^ / 2 
> 
5 ] < > • • • < ' • Q^,(^)[x-,2/,2], 
{m)=-oo 
(4.3.4) 
n X 
{n,x,y,z e i?+, Re(/i+ 1) > 0, Re(^ + E"^j) > - 1 , and y -(wi + \ - U n -
1 't- ~i J-
^ ) > 0). 
n Uj 
where D-u{z) denotes the parabolic cylinder function, defined by equation (4.3.4). 
For n = 1, equation (4.3.4) reduces to generating function for the generalized 
Voigt function Q.^j,^rn[^,y,z\. 
X 
2) ) ^ / ^ ( 2 , ) - ( . + i ) / 2 r ( ^ + l ) . e x p [ i ^ - J ^ ^ ^ ] D _ ( , , i ) [ { y - | ( u - ^ ) } ( 2 z ) - / ^ ] 
= J2 u"'^f,,m[x,y,^}, (4.3.5) 
{^i,x,y,zeR-^, Re(/i + l) > 0, Re(yu + m) > - 1 , and u ^^  0). 
Similarly, several expansions can be obtained with the help of generating function 
(1.5.4) of Bessel function Ju{z). 
Now replacing x by xt in equation (1.5.4), multiplying both sides by t^ exp(-qt -
Tt^)Ju{jpt), integrating with respect to t between the limits 0 and oo, and using the 
integral (3.1.26), one thus obtains 
^M,-b,9 + ^ ( " ~ ' - « ) > 0 = f E / t^exp{-qt-rt')Jm{xt)Mpt)dt {A.3.Q) 
vTx"^ 
2''+ir(i/ + i) rnhoomH'^V^y r {fl + U + 171+ 1) 
^ 
(3) 1 ^ 1 -x^ -p'^ q^ 
-(/ i + i^  + m + 1); m + l , z / + l , - ; - ^ , ^ , ^ 
^f 2 „2 -(/i + i^  + m + 2); m 4-1, i^  + 1, - ; 3 - z ^ -v' q 
i r [^ ( / / + i/ + m + 2)] 
(4.3.7) 
2'"' • ' ^" ' ' ' 2 ' 4r ' 4r ' 4r_ 
where ^2^^ denotes of the confluent hypergeometric functions of three variables, de-
fined by Humbert (1.3.17) forn = 3 
For X = 0 equation (4.3.7) reduces to known representation (Srivastava et al. [91; 
p.9(2.10)]) 
Expanding left hand member of equation (4.3.7), we have 
r,/i±^)^2 /i + i^  + l , 1 V ( 9 + f ( u - ^ - ^ ) ) ^ 
(g + | (u -^ -w) )2 /M + Z/ + 2 
2 , . ->L^Y{^ , ^ 2 
v ^ 
) * 2 
2' 4r ' 4r 
; i ^ + i > o ; 
3 V (g + f(«-^-«))^ 
2' 4r ' 4r 
E u^'x"* m! {^yfr-y r (> + ^ + ^ + ^ ) ^(3) 
/i + I/+ 1 + m 
\m-\-\,v ^- 1 , - ; 
1 -x^ -p^ 
2' 4r ' 4r ' 
72 
H + u-\-2 + m\ (3) 
-Xr ^^^  ;m + l , i / + l , - ; 2' 4r ' 4r ' 4r 
(4.3.8) 
For 9 = 0, equation (4.3.8) reduces to 
r ('f) *2 a 1 V x^{l-u^y 2' ""^ ' 2 ' 4r ' 16rw2 
x(l - «2) / a + 1 
2VF« 
, a + l 3 -p2 ( x 2 ( l - u 2 ) 2 
" " ' " ^ ^ " ' 2 ' 4r ' 16n/2 
Q + m 
" u-x- (^f^:^!ri|^^ E m! (2Vr)" 
1 -X^ - p 2 (4.3.9) 
(Q = (//+/^+l), Re(Q) > 0, ti ^ 0, p,r G (/?+)) 
Obviously, equality of equation (4.3.8) holds for a; = 0. 
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Chapter-5 
MULTIINDICES AND MULTIVARIABLES 
PRESENTATIONS OF THE VOIGT 
FUNCTIONS 
5.0. INTRODUCTION 
The present chapter is devoted to a multivariable presentation of generalized Voigt 
functions denoted by K{xi, • • •,x„,y) and L{xi, • • •, x„, y) of multivariabies and their 
unification. 
In Section 5.1, aims at presenting multiindices and multivariabies study of the uni-
fied (or generalized) Voigt functions which play an importent role in the several diverse 
field of physics . Some integral representations (or expressions) of these functions are 
given in terms of familiar special fimctions of multivariable. Further representations 
and series expansions involving multidimensional classical polynomials (Laguerre and 
Hermite) for mathematical physics are estabhshed in Section 5.2. 
5.1. REPRESENTATION OF Vu,v^,...,vAxu "•,Xn,y) 
In view of the facts given by Srivastava-Miller[87], Pathan et al. [61] have in-
troduced and studied the multivariable Voigt functions of the first kind, and of the 
form: 
i^[xi,---,x„,y] = (7r)-"/2 IJ't^ exp(^-yt-^-t']fl{cosix,t))dt (5.1.1) 
L[x„---,xn,y] = (TT)-"/' f t ^ exp(^-yt-\f^ fliM^jt)) dt (5.1.2) 
{y e R^ and x e R). 
Obviously 
K[xi, • • •, x„, y] ± iL[xi, • • •, x-„,y] 
Jo •^ expi~yt - ~t') n cosixjt) ± n sin{x,t) dt. (5.1.3) 
For n = 1 the above equations (5.1.1) to (5.1.3) reduces to the elementary inte-
grals (3.1.1) to (3.1.4). 
From the view point of the relation (3.1.8), Pathan et al. [61] defined the gener-
alized (unified) Voigt functions of multi-variables by means of integral 
^^l,l'l,•••,l^n\^i^" ' >^n,y\ — \ — 
(5.1.4) 
i = i 
(y e R^; e R and Re(/u + E i^j) > -1 ) , 
i = i 
so that 
K[Xu ••• ,Xn,y] = V i , _ i , . . . , _ 1 [ X i , • • • , X „ , 2 / ] , L\xu •••,Xn,y]= V " i , i , . . . , l [ X i , • • • , X „ , y ] . 
(5.1.5) 
Making use of the series representation (1.5.2) and expanding the exponential 
function exp(—yt), and then integrating the resulting (absolutely convergent) multiple 
series term-by-term (see[19]) they obtained: 
' V , i ' i , - - , i / n \ - ^ l i • • • ) - ^ n j J/j — •^  - X j • • • X n 
{~xir^---{~xir''{~2yY 
mi 
T 
,..'X.r=o ("^i)-' • • • (rn„)!r!r(j/i + m, + 1) • • • r(i/„ -h m„ + 1) 
1 
-(;u + 5]u,-f2(mi + --- + m„) + r-f 1) 
Seperating the r-series into its even and odd terms 
(5.1.6) 
Vf^,-^x,-,^ni^u---,Xn,y) = 2*^ 2 X i - • • - X n -
r(i/i-f-i)---r(i/n-f 1) ^(/^ + E^7 + i 
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i^'r'' (/x + ^ z/,- + l ) ; i/i + 1, • • •, J/„ + 1, - ; - x l • • • -x'i,y' 
-22/ r (/^  + E i^ + 2 
v.r^) 1 O o (/^ + E ^i + 2 ) ; i^ i + 1, • • •, i^ n + 1, ^; -xl • • • 
-^ly ;5.i.7) 
(Re(;i + Ei^j) >i;)W,y e R+;x i , - - - ,Xn e R) 
where ^^ 2 denotes Humbert 's confluent hypergeometric function of n-variables (see[ 
; p.62, equation (11)]) 
'.(") i^2 [0l,Pu--- ,Pn;Xi,--- ,Xn] 
oo 
(/9l)mi • • • (,'^n)mn("^l)'- " " " ("^n)!' 
(max{|xi!, • • •, \xri\} < oo 
(5.1.8) 
For /x = — J^ i = • • • = —Un = I , Equation(5.1.7) reduces to the representation 
K [xi,---,Xn,y] 
(TT)-"/^ {r ( 3 - n ^ 4"+i) 3 - n \ 1 1 1 
4 y ' 2 ' 2 ' 2 
2 2 2 
-2yT ( i ^ ) 4"*" 5 — n \ 1 1 3 2 
' 2 ' " ' ' 2 ' 2 ' ~ ^ " ^ ' , - 2^n ,y ' 
^5.1.9) 
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while the special values fj, = uj 
representation 
= Un ^ ^ , of Equation(5.1.7) yields the 
L[xu---,Xn,y] 
[T^JW''^^ 
3 + nX ^(„^,) 3 + n \ 3 3 1 
' O ' - ^ l l 2'2 
- x ^ y ^ 
'^±J1\ ,/,("+!) •%r (i±Il) 4 5 + n \ 3 3 3 
' o ' * ' * 
2 2 2 
2'2 (5.1.10) 
When n = l.Equations(5.1.9) and (5.1.10) correspond to results (8) and (9) , of 
Exton[22 ; p. 113, equation(ll)]. 
5.2. FURTHER REPRESENTATION OF V ,^^ ;,,. .,^„(a;i, • • •, x„, ?/) 
The present section can be started from the definition of multiindex Laguerre and 
Hermite Polynomials of n variables of order (v) 6 i?" and degree k e No — N U {0}, 
is the function L^^'(x), defined by means of generating function 
- (fe!)-Hx-) (.) 
,r^„(r(k + v + i))^'^ ^""^^ 
or, equivalently 
(kl) n - l 
where for convenience, one has the following the abbreviations 
•^^h^uic in^r (5.2.1) 
r((v)) 
Ax Xxi, • • • ,Xxn, X E R 
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V G i?" , w > - 1 , X G / r . Furthermore k = (A;, • • •, fc) G i?", k e NQ and k! = (A;!)". 
On replacing 2v^ by t and Xj by a:j, j = (1,2, ••- ,«) , respectively, in Equa-
tion (5.2.1), multiplying both sides by t^ '^ ^^'^x + Y^^i exp{-yt - zt^} and now 
integrating with respect to t between the limits 0 to oo, hence one obtained 
/•°°^ /x + ^ y i + 2A: 
JO 
where the itegral formula (5.1.4) is apphed. 
.=0 r (k 
exp ( - y i - - t^  ) dt, 
•)2k 
(5.2.2) 
Expand the exponential function exp(—yt) in the terms of series and then integrate 
to get 
V;,v(x,y) = (2) i/2(/z - y t;, - 2) f . jkir-'LUx') 
^t^or(k + v + l)22'^  
£ ^ ^ ^ f ^ ( ^ - ^ ^ " ' + "^  + 2A:+l 
m=0 '"• '-'^  
(/i,y G i?+;t',x G R^andin+ T.Vj) > - 1 ' 
Separate the m-series into its even and odd terms , to get 
(5.2.3) 
V (x.)-(2)K^-^^^-')(x)-v2f J^^!r:!il(f!L 
1)22'^ -
|r[^(/^ + E^i + i) + ^ ] ^^^ (^A^  + E^i + i) + ^ 1 y^ " '2 ' 2 
^yr[(^^// + E«i + 2)+fc] iFi ^(/i + E^j + 2) + ^^ ;2 3 y^ 2' 2 (5.2.4) 
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(//, y G/?+; X, (v) = (ui, •••,?;„) Gi?"anrf(^ + Ewj) > -1) , 
Where iFi denotes the confluent hypergeometric function [62; p. 123, equation(9)]. 
For particular values fi = - ( v ) = f | j and (v) = f | j , equation (5.2.2) reduces further 
new representation of generalized Voigt function of multivariables in the following 
form: 
K(x,,) ^ K[x,,.. •, x„, y] = 2'^f: ^^'j^"" ^^7ilf ^ ^ ^ k + 3-n 
li^i k + 
3 - n 1 y^ 
4 ' 2 ' "2 ' 
V2yr k + 5 — n i F i k + 5 — n 3 y'^  4 ' S t ' T 
(5.2.5) 
,4'o2M2A:)!(v/^)"' k + 
3 — n 
li^i A: + 
3 - n 1 y^ 
4 ' 2 ' T \^2/r A; + 
5 — n 
li^i A; + 
5 — n 3 y^ 
4 ' 2 ' Y 
and 
(5,2.6) 
L(x,y) = L[xi, ^ ^ ^ ^ ^ j ^ ^ _ ^ g x ^ 4 V ) ( ^ , r £^0 r(k + |)2'' k + 
3 + n 
i F i A; + 
3 + n 1 y^ 
4 ' 2 ' 2 
v^yr k + 5 + n iF, k + 5 + n 3 y^ 4 ' 2 ' T 
(5.2.7) 
. _ I 2 ± 3 1 ^ ( - l ) ^ / / 2 . + l (x ) 
,^„ 2*= (2fc + 1)! (0F)" 
3 + n 
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li^ l^ A; + 
3 + n 1 j / ^ 
4 ' 2 ' 2 
-V2yr A; + 5 + n li^i 5 + n 3 y^ 
(5.2.8) 
where i/fc(x) denotes the Hermite polynomials of n-varriables (see [7; p.l75]) and the 
relations 
r ( - l / 2 ) / 2 ™2 . . . _ 2 \ (-l)^[(2fc)!]"-^ . . 
(-l)'[(2fc + l] l u - i 
x^ Lfc (xi,X2,---,3;„) - ' 2(2fc+'i)"(fc!)2»-i ^2fc+i(x) 
;5.2.9) 
xG/2", x i = rKx. 
are used to get equation (5.2.6) and (5.2.8) respectively. 
For n = 1 (x = X G R), equation (5.2.4) to (5.2.8) reduce to the known results 
of Kamarujjama and Singh [43] or (see also (3.2.11) and (3.2.12)), respectively. 
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